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Abstract. We prove a conjecture of Hesselholt and Ausoni-Rognes, estab- 
lishing localization cofiber sequences of spectra 

THH{HZ) — > THH{ku) — > THH{ku\KU) — s> T.THH{HZ) 

and 

TC(HZ) — > TC{ku) — > TC{ku\KU) — > Y;TC(HZ) 
for the topological Hochschild and cyclic homology {THH and TC) of topolog- 
ical A'-theory. These sequences support Hesselholt's view of the map £ ku 
as a "tamely ramified" extension of ring spectra, and validate the hypotheses 
necessary for Ausoni's simplified computation of V{l)t,K{KU). 

In order to make sense of the relative term TH H {ku\KU) and prove these 
results, we develop a theory of THH and TC of Waldhausen categories and 
prove the analogues of Waldhausen's theorems for iC-theory. We resolve the 
longstanding confusion about localization sequences in THH and TC, and 
establish a specialized devissage theorem. 
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Introduction 

Algebraic /C-theory provides a high-level invariant of the homotopy theory of 
categories with a notion of extension and equivalence. The component group, i^o, 
is the universal target for Euler characteristics, and higher algebraic if-theory cap- 
tures subtle information intricately tied to number theory and geometry. For the 
algebraic X-theory of rings, trace methods using topological Hochschild homology 
[THH] and topological cyclic homology (TC) have proved remarkably successful 
at making iiT-theory computations tractable via the methods of equivariant stable 
homotopy theory. 

At first glance if-theory and THH take very different inputs and have very differ- 
ent formal properties. For algebraic /C-theory, the input is typically a Waldhausen 
category: a category with subcategories of cofibrations and weak equivalences. For 
THH, the basic input is a spectral category: a category enriched in spectra. While 
THH shares if -theory's additivity properties, THH seems to lack if-theory's ap- 
proximation and localization properties [7]. A specific example of this failure was 
studied at great length in the paper [T^. From the perspective of the algebraic 
iiT-theory of rings and connective ring spectra, where THH is the stabilization of 
JsT-theory, this discrepancy is in some ways surprising, as one might expect THH 
to inherit the fundamental properties of if-theory. 

In this paper, we construct THH for a general class of Waldhausen categories, 
and show that much of the apparent mismatch of formal properties is a consequence 
of the former mismatch of input data. We obtain an analogue of Waldhausen's 
Approximation Theorem [28] for THH. On the other hand, we observe that THH 
has two different analogues of the localization sequence in Waldhausen if-theory 
(the "Fibration Theorem" [H])- One of the localization sequences for THH was 
developed in our companion paper on localization in THH of spectral categories 
[4]; when applied to the if-theory of schemes, this sequence produces an analogue 
of the localization sequence of Thomason-Trobaugh ^6]. The other localization 
sequence generalizes the localization sequence of Hesselholt-Madsen [13]. One of 
the principal contributions of this paper is to provide a conceptual explanation of 
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the two localization sequences of THH in relation to the localization sequence of 
if-theory. 

As we explain in Sections [D and [TH a Waldhausen category that admits factoriza- 
tions has two spectral categories associated to it, a connective and a non-connective 
variant. The non-connective theory is "correct", from the perspective of abstract 
homotopy theory and satisfies localization for cofiber sequences of spectral cate- 
gories j4j, but the connective theory is more closely related to ii'-theory. We show 
that the two theories agree under connectivity hypotheses that we make explicit 
in Section [5] in particular, for rings and connective ring spectra both spectral cat- 
egories produce the expected THH . For exact categories, the connective version 
agrees with the THH of exact categories defined by Dundas- McCarthy [8]. For 
categories of complexes, the non-connective version agrees with the THH of the 
spectral derived category studied in [4 . Working with the non-connective theory 
gives the Thoniason-Trobaugh style localization sequences, and working with the 
connective theory gives the Hesselholt-Madsen style localization sequences. 

As a main application of this theory, we prove the localization sequence associ- 
ated to the transfer map from iJZ to ku that was conjectured by Hesselholt and 
Ausoni-Rognes [U El 13] . Specifically, we construct naturally out of the category of 
few- modules a simplicial spectral category {ku\KU) and cofiber sequences in the 
stable category 

THH{Z) — > THH{ku) — > THH{ku\KU) — > Y.THH{'l) 

and 

rC(Z) — > TC{ku) — > TC{ku\KU) — > Y.TC{1), 

compatible via a trace map with the localization cofiber sequence in if -theory estab- 
lished in [5] . Corresponding results hold for the Adams summand in the p- local and 
p-complete cases; see Theorem 111.11 below for details. These localization sequences 
were conjectured by Hesselholt and Ausoni-Rognes to explain the relationship of the 
computations of K{(.) and K{ku); they support the perspective that £ ^ ku should 
be an example of a "tamely ramified" extension of ring spectra. Furthermore, using 
these localization sequences, one can dramatically simplify Ausoni's computation 
of K{ku) [21 8.4] by mimicking the de Rham-Witt arguments in Hesselholt-Madsen 
[13] . These localization sequences provide the chromatic level 1 analogues of the 
chromatic level sequence of Hesselholt and Madsen [T3] . Another application of 
these localization sequences is to compute K{KU). One would like to use Ausoni's 
computations of K(ku) along with the localization cofiber sequence 

K{Z) — > K{ku) — > K{KU) — > J:K{Z) 

to evaluate K{KU). The transfer map in this sequence is controlled by the behavior 
of the transfer map in the associated sequences in THH and TC, where it is easier 
to understand. Following Hesselholt, Ausoni [21 8.3] observes that in light of his 
calculations, the existence of the localization cofiber sequence in THH along with 
an algebraic fact would permit the complete identification of V{\)^,K{KU). 

One of the interesting aspects in the construction of the localization sequences 
is the construction of the relative terms THH{ku\KU) and TC{ku\KU): these 
relative terms "mix" the weak equivalences in the category of /cw-modules with 
the weak equivalences in the category of ift/-modules, in a way which does not 
arise in algebraic ivT-theory. This mixing is the reason why there are two different 
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localization sequences. In order to explain these sorts of relative terms, Rognes [20] 
has developed a theory of log ring spectra motivated by the appearance of log rings 
in the work of Hesselholt and Madsen [TT . We expect that our relative terms agree 
with the log THH and TC defined by Rognes. 

Because our primary interest is the construction and explanation of the localiza- 
tion sequences above, we have taken a technical shortcut that drastically simplifies 
the theory. In Section [1] we introduce the concept of a simplicially enriched Wald- 
hausen category in which the Waldhausen structure and the simplicial mapping 
spaces satisfy strong consistency hypotheses. The motivating example of such a 
category is a subcategory of the cofibrant objects in a simplicial model category 
with all objects fibrant; the model structure on the module categories of [11] satisfy 
this condition. For the majority of the paper we work only with simplicially enriched 
Waldhausen categories. In Section [Ml we argue that simplicially enriched Wald- 
hausen categories are not unduly restrictive by showing that a closed Waldhausen 
subcategory of a Waldhausen category that admits factorization is equivalent to 
a simplicially enriched Waldhausen category (in fact, a simplicial model category 
where every object is fibrant). This equivalence is functorial up to a zigzag of 
natural weak equivalences. 

Although we have taken Waldhausen categories for the basic input to THH and 
if-theory in this paper, alternatively, one could take quasi-categories as the basic 
input. At this stage, the quasi-category approach would require serious background 
treatment of the i^T-theory and THH of quasi-categories, which is not yet formalized 
in the literature. On the other hand, since our first step is to replace a general 
Waldhausen category with a stable simplicial model category, such a background 
treatment would be essentially independent of the main work in this paper. 

In this paper, whenever we work with topological spaces, the reader should un- 
derstand that we are working in the category of compactly generated weak Haus- 
dorff spaces. We use the words "topological" or "topological space" to highlight 
when we are using topological spaces rather than simplicial sets; these words should 
not be construed to imply the use of general topological spaces rather than com- 
pactly generated weak Hausdorff spaces. 

Part 1. THH and TC of simplicially enriched Waldhausen categories 

1. Simplicially enriched Waldhausen categories 

In this section we introduce the structure of a simplicially enriched Waldhausen 
category. This structure compatibly combines a simplicial enrichment with a Wald- 
hausen structure in a way that we make precise in Definition 11.11 Although this 
structure suffices for us to define an associated spectral category in the next section, 
more conditions are necessary to ensure that the homotopy theory of the enrich- 
ment matches up with the intrinsic homotopy theory of the Waldhausen category; 
we make these conditions precise in the definition of DK-compatible enrichment 
in Definition 11.21 In practice, and as we explain in Section I14[ without much loss 
of generality, we typically have the stronger structures that we describe in Defini- 
tions [TTn] and [TTH| We begin with the most basic structure in the following definition. 

Definition 1.1. A simplicially enriched Waldhausen category consists of a category 
C — enriched in simplicial sets together with a Waldhausen category structure 
on Co such that: 
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(i) The zero object * in Co is a zero object for C, 

(ii) Pushouts over cofibrations in Co are pushouts in C, 

(iii) Cofibrations x y induce Kan fibrations C{y, z) — C(x, z) for all objects 
z, and 

(iv) A map a; — y is a weak equivalence if and only if C{y, z) — > C{x, z) is a 
weak equivalence for all objects z if and only if C(z, x) — > C(z, y) is a weak 
equivalence for all objects z. 

An enriched exact functor between such categories is a simplicial functor (f>: C ^ V 
that restricts to an exact functor of Waldhausen categories Co — > I'o- 

Since the initial map * — > x is always a cofibration in a Waldhausen category, 
Definition 11.11 implies that all the mapping spaces C{x, y) are Kan complexes. The 
fact that weak equivalences are detected on the simplicial mapping spaces implies 
that weak equivalences in Co are closed under retracts and satisfy the two out of 
three property. 

As explained by Dwyer and Kan, any category with a subcategory of weak 
equivalences has an intrinsic homotopy theory in terms of a functorial simplicially 
enriched category called the Dwyer-Kan simplicial localization [TU] . Technically, we 
will use exclusively the variant called the hammock localization [9], which we will 
denote by L. Then for a simplicial Waldhausen category C, the Dwyer-Kan sim- 
plicial localization of the underlying category with weak equivalences LCq provides 
a second simplicially enriched category expanding Co. In general, we see no reason 
why these two simplicial enrichments should be equivalent; we therefore introduce 
the following terminology. 

Definition 1.2. Let C be a simplicially enriched Waldhausen category. We say 
that C is DK- compatible if for all objects x, y in C, the maps 

C{x,y) — > diagLC,{x,y) < — LCo(x,y) 

are weak equivalences of simplicial sets. Here we regard C„ as a category with weak 
equivalences by declaring a map in C„ to be a weak equivalence if and only if some 
(or, equivalently, every) iterated face map takes it to a weak equivalence in Cq. 

For categories enriched in simplicial sets, spaces, or spectra, an enriched functor 
(j): C — >■ 2? is called a DK-embedding when it induces a weak equivalence C{x, y) — > 
'D{(j){x),(j){y)) for all objects x, y. A DK-embedding is a DK-equivalence when it 
induces an equivalence ttoC — J> ttqI) on categories of components. On the other 
hand, for discrete categories Co and Vq with subcategories of weak equivalences, 
a functor Cq — > I?o that preserves weak equivalences is called a DK-embedding or 
DK-equivalence when it induces one on the Dwyer-Kan simplicial localizations. The 
main purpose of the previous definition is the following easy observation. 

Proposition 1.3. LetC andV be simplicially enriched Waldhausen categories and 
(j): C ^ T> a simplicial functor (not necessarily exact). Then: 

(i) (/)o : Co — >■ T^Q preserves weak equivalences. 

(ii) Assume furthermore that C and "D are both DK- compatible. Then (f> is a 
DK-embedding or DK-equivalence of simplicially enriched categories if and 
only if (po is a DK-embedding or DK-equivalence (respectively) of categories 
with weak equivalences. 

The following is an easy but important class of examples of DK-compatible 
simplicially enriched Waldhausen categories. 
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Example 1.4. An exact category, or raore generally, a Waldhausen category whose 
weak equivalences are the isomorphisms becomes a DK-compatible simplicially en- 
riched Waldhausen category by regarding its mapping sets as discrete simplicial 
sets. 

We also have the following less trivial examples. 

Example 1.5. Let C be a Waldhausen subcategory of cofibrant objects in simplicial 
closed model category A4 in which all objects are fibrant. Then C is a simpli- 
cially enriched Waldhausen category with its natural simplicial mapping spaces 
and Waldhausen structure inherited from A4. If C is closed under tensors with fi- 
nite simplicial sets, then C is a DK-compatible (see Theorem 11.91 below) . Examples 
of this type include: 

(i) Finite cell i?-modules for an EKMM S'-algebra R, or (for R connective 
with ttq noetherian) cell i?-modules that have finite stage finitely generated 
Postnikov towers as in [S] . 

(ii) The category of finite cell modules over a simplicial ring A, or the category 
of finite cell modules built out of finitely generated projective >l-modules. 

(iii) The category of simplicial objects on an abelian category with the "split- 
exact" model structure (where the cofibrations are the levelwise split mono- 
morphisms and the weak equivalences are the simplicial homotopy equiv- 
alences). 

(iv) The category of levelwise projectives in the category of simplicial objects 
on an abelian category with enough projectives (with the standard pro- 
jective model structure). Likewise, the opposite category of the levelwise 
injectives in the category of cosimplicial objects on an abelian category 
with enough injectives (with the standard injective model structure). 

In addition to being DK-compatible, the previous class of examples has an addi- 
tional structure that we employ to construct non-connective spectral enrichments 
in the next section. We abstract this structure in the following definition. 

Definition 1.6. A simplicially tensored Waldhausen category is a simplicially en- 
riched Waldhausen category in which tensors with finite simplicial sets exist and 
satisfy the pushout-product axiom. A tensored exact functor between simplicially 
tensored Waldhausen categories is a enriched exact functor that preserves tensors 
with finite simplicial sets. 

In the previous definition, the pushout-product axiom [24j 2.1] asserts that given 
a cofibration a; — )• y in Co and a cofibration A B of finite simplicial sets, the map 

{x ® B) Uoc^A {y^A) — >y®B 

is a cofibration in Cq. This axiom implies that the usual mapping cylinder con- 
struction endows Co with a cylinder functor satisfying the cylinder axiom (in the 
sense of ^28', §1.6]). The Kan condition on the mapping spaces combined with the 
tensor adjunction implies the following proposition. 

Proposition 1.7. Let C be a simplicially tensored Waldhausen category. 

(i) For any object x in C, the tensor x ® (— ) preserves weak equivalences in 
simplicial sets. 

(ii) For any finite simplicial set X , the tensor (— ) ® X preserves weak equiv- 
alences in C. 
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(iii) For objects x and y in C, the simplicial set C(x, y) is canonically isomorphic 
toCo{x(giA[-],y). 

Definition 11.61 provides the strongest background structure that we use; in Sec- 
tion [TH we see that Waldhausen categories quite generally admit equivalent models 
of this type. In our study of the localization sequence, however, we require slightly 
more flexibility. Using a simplicially tensored Waldhausen category as an ambient 
category, we will sometimes need to restrict to a subcategory. 

Definition 1.8. A enhanced simplicially enriched Waldhausen category is a pair 
A C C where C is a simplicially tensored Waldhausen category and ^ is a full 
subcategory such that is a closed Waldhausen subcategory. For A C C and 
B C T) enhanced simplicially enriched Waldhausen categories, an enhanced exact 
functor ^ — i> i3 is a tensored exact functor of simplicially tensored Waldhausen 
categories C — s> 2? that restricts to a functor A ^ B. 

As in |28[ §1.2], a Waldhausen subcategory ^ is a full subcategory of a Wald- 
hausen category C that itself becomes a Waldhausen category by taking a weak 
equivalence to be a weak equivalence in C between objects of A and a cofibration 
to be a cofibration in C between objects of A for which the cofiber is in A (up 
to isomorphism). A closed Waldhausen subcategory is a Waldhausen subcategory 
A C C that contains every object of C that is weakly equivalent to an object of 
A. An enhanced simplicially enriched Waldhausen category inherits tensors with 
homotopically trivial finite simplicial sets (but not necessarily arbitrary finite sim- 
plicial sets) as well as properties (i) and (iii) of Proposition 11.71 We also have the 
following compatibility result. 

Theorem 1.9. An enhanced simplicially enriched Waldhausen category A d C is 
DK-compatible. 

Proof. Fix objects a,b. Regarding An(a,b) as Ao{a (E) A[n],b), each category An 
admits a homotopy calculus of left fractions 9, 6.1] (see, for example, the argument 
for [B] 5.5]) and so we can replace LAn{a,, b) with the nerve of the category of words 
of the form W~-'-C, which we will temporarily denote as L„(a, b). An object of this 
category consists of a zigzag 

a — > X < — b 

of maps in An, where the map a; ■(— 6 is a weak equivalence; a map in this category 
is a map in An of x that is under a and b. We check that both maps 

Lo(a, b) — > diag i,(a, b) i — A{a, b) 

are weak equivalences. 

For the map Lo^a.b) diag (a, 6), we show that each iterated degeneracy 
Lo{a,b) — > Ln{a,b) is a weak equivalence. An iterated face map gives a functor 
L„(a, b) — > Lo{a, b) such that the composite is the identity on Lo{a, b). To see that 
the composite on Ln{a, b) is a weak equivalence, note that both inclusions of a and 
& in a (g) A[l] and 6 (g) A[l] induce weak equivalences 

L„(a«) A[l], 6® A[l]) — > Ln{a,b). 

Choosing a contracting homotopy A[l] x A[n] A[n], we get a map from L„(a, b) 
to L„(a «)A[1],&®A[1]) 

{a^x^b) I — > (a(g) A[l] ^ A[l] ^ 6(8) A[l]) 
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such that one composite on L„(o, 6) is simphcially homotopic to the identity and 
the other is simplicially homotopic to the composite map L„ — >■ Lq — >■ Ln we are 
interested in. 

It remains to see that the map A{a, b) — >■ diagL,(o, b) is a weak equivalence. We 
can identify diagL,(a, 6) as the diagonal of the bisimplicial set whose simplicial set 
of g-simplices is 

A{a,X[)) X 'wA{b,xo) x wA{xq,xi) x • • • x wA{xq-i,Xq), 

where wA denotes the components with (any, or equivalently, all) vertices in wAq, 
the subcategory of weak equivalences of the Waldhausen category Aq. The map 
A{a, b) — > diag-L,(a, b) factors through a bisimplicial map from the bisimplicial set 
X„ whose simplicial set of g-simplices Xq, is 

A{a, b) X wA{b, xq) X wA{xo,xi) x • • • x wA{xq-i,Xq). 

The inclusion A{a, b) diagX,, is clearly a simplicial homotopy equivalence, and 
the bisimplicial map X„ — > L,{a, b) is a degreewise weak equivalence. □ 

2. Spectral categories associated to simplicially enriched 
Waldhausen categories 

As we explain, a simplicially enriched Waldhausen category has an associated 
spectral category, which is natural in enriched exact functors. The mapping spec- 
tra in this category are prolongations of F-spaces, and as such, are always connec- 
tive. For an enhanced simplicially enriched Waldhausen category, we can associate 
another spectral category, typically non-connective, using the suspensions in the 
ambient simplicially tensored Waldhausen category; it is natural in enhanced exact 
functors. In this section, we explore the basic properties of these categories. We 
begin with the construction. 

Definition 2.1. Let C be a simplicially enriched Waldhausen category. Define 
C^, the F-category associated to C, to have objects the objects of C and mapping 

F-spaces 

C^{x,y)=C{x,yy). 

<? 

By abuse, we will also write for the enrichment in symmetric spectra obtained 
by prolongation. We will refer to as the connective spectral enrichment of C or 
the connective spectral category associated to C. 

Here the composition 

C^{y,z)AC^{x,y)^C^,{x,z). 
comes from the Sg I S^-equivariant map 

C{y,yz)^l[ C{y, V ^) ^ C(V jy. V z) 

r Q ^ q rq 

and composition 

C{\Jy,\Jz)AC{x,\Jy)^C{x,\Jz). 

q rq q rq 

This composition of F-spaces then induces the composition on the associated sym- 
metric spectra. The following proposition is immediate from the construction. 
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Proposition 2.2. For simplicially enriched Waldhausen categories C and D, an 
enriched exact functor cj): C ^ D induces a spectral functor cj)^ : ^ . If C and 
D are DK- compatible and (f) is a DK-embedding or DK-equivalence, then so is cf)^ . 

In general, we can not expect the F-spaces C^{x,y) to be special or very spe- 
cial. On the other hand, as a prolongation of a F-space, the associated symmetric 
spectrum is semistable: it represents the same object in the stable category as its 
underlying prespectrum. 

Proposition 2.3. The mapping symmetric spectra in are semistable. 
Example 2.4. For 2: be an exact category, simplicially enriched as in Example 1 1.4[ 

9 9 

el{x,y) = e{x,^y) ^l[€{x,y). 

i=l i=l 

Prolonging to symmetric spectra, we get 

<i^{x,y){n)^<^{x,y)®nS% 

where 1\X] = Z[X]/Z[*]. This is precisely the spectral category associated to an 
exact category studied by Dundas-McCarthy [8] and Hesselholt-Madsen [13] . 

When C is a simplicially tensored Waldhausen category, we can construct another 
enrichment in symmetric spectra using suspensions: for an object x in C, let Y,x be 
the cofiber of the map 

X (g) dA[l] — > X ® A[l]. 

Suspension defines a tensored exact functor from C to itself. Commuting colimits 
and tensors, and applying the associativity isomorphism for tensors, we can describe 
the iterated suspension as the cofiber of the map 

a;®5(A[l]") — > x (g) A[iy\ 

where A[l]" = A[l] x ■ • • x A[l]. The n-th suspension inherits from A[l]" an action 
of the symmetric group E„. 

Definition 2.5. Let ^ C C be an enhanced simplicially enriched Waldhausen 
category. Define „4'^ be the spectral category with objects the objects of A and 
mapping symmetric spectra 

^^(x,2/)(n)=C(x,S"2/). 

We will refer to this as the non-connective spectral enrichment of A or the non- 
connective spectral category associated to A. 

In the previous definition, we obtain the composition on A^ , 

A'^iy, z) A A^{x, y) — > A'^{x, z) 

from the I]„ x Em-equivariant maps 

C{y, E^z) A C{x, S"y) CiE'^y, E"+"z) A C{x, C(x, 

Note that for a enhanced simplicially enriched Waldhausen category A C C, the 
suspension of an object of A is an object of C but need not be an object in A. As a 
consequence, the non-connective enrichment A^ depends strongly on the ambient 
simplicially tensored Waldhausen category C. Recall that an enhanced exact functor 
has as part of its structure a tensored exact functor on the ambient simplicially 
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tensored Waldhausen categories; the following functoriality is immediate from the 
construction. 

Proposition 2.6. An enhanced exact functor (f>: B between enhanced simpli- 
cially enriched Waldhausen categories induces a spectral functor (j)^ : — > . If 
(p is a DK-equivalence and a DK-embedding on the ambient simplicially tensored 
category, then (j)^ is a DK-equivalence. 

Using Proposition II . 71 (i) and the Kan condition, we see that the action of any 
even permutation on A^ {x,y){n) = C{x,'S"y) is homotopic to the identity. Then 
[221 3.2] gives us the following proposition. 

Proposition 2.7. The mapping symmetric spectra in A^ are semistable. 

Example 2.8. Let 21 be an abelian category with enough projectives (e.g., the op- 
posite category of an abelian category with enough injectives), and let € C 21 be an 
exact category (with exact sequences the exact sequences of 2t in £). Let C be the 
simplicially tensored Waldhausen category of levelwise projectives in the category 
of simplicial objects of 21, as in Example II. 51 (iv). Let A C Che the full subcategory 
of C consisting of those objects x such that ttqx is in £ and 7r„a; = for n > 0. Then 
C C is an enhanced simplicially enriched Waldhausen category and ttq gives a 
enriched exact functor A ^ <B. This functor induces a DK-equivalence of the con- 
nective spectral enrichments A^ — > €^ . On the other hand A has a non-connective 
spectral enrichment A^ , where iTnA^ {x,y) is for n > and Ext^"(7roa;, ttqi/) for 
n < 0. 

Example 2.9. As an example to demonstrate the significance of the ambient simpli- 
cially tensored Waldhausen category, let C be the Waldhausen category of countable 
cell EKMM ^-modules and let C the Waldhausen category of countable cell EKMM 
i/Z- modules (for some countable cell 5- algebra model of HZ). Let A and A' be the 
Waldhausen subcategories of Eilenberg-Mac Lane spectra with homotopy groups 
concentrated in degree zero in C and C respectively. The forgetful functor C — C is 
exact and sends A' into A, inducing a DK-equivalence and hence a DK-equivalence 
A'^ A^ but not a DK-equivalence A'''^ ^ A'^ . 

For an enhanced simplicially enriched Waldhausen category ^ C C, we have a 
natural spectral functor (of spectral categories of symmetric spectra) A^ A^ . In 
the previous example, and in fact in the examples of Example 1 1.51 is a connective 
cover of A^ , i.e., induces an isomorphism on the non- negative homotopy groups. 
The following proposition gives a sufficient general condition for this to hold. 

Proposition 2.10. Let A C C be an enhanced simplicially enriched Waldhausen 
category, and assume that for every a,b ^ A the suspension map C(a, b) — > C(S]a, E6) 
is a weak equivalence. Then A^{a,b) A^(a,b) is a connective cover. 

Proof. Fix a, b and consider the functor F(— ) = C(a, (6 (g) —)/{b ® *)) as a functor 
from based finite simplicial sets to based simplicial sets; we then get AF{a,b) by 
viewing F as F-space and A^{a,b) by viewing {F{S^)} as a symmetric spectrum. 
By the hypothesis of the proposition, the canonical map F{~) rii^(E— ) is a 
weak equivalence. The argument of [HI 17.9] shows that F is "linear" meaning 
that it takes homotopy pushouts to homotopy pullbacks, and in particular, as a 
F-space F is very special [TH 18.6]. The homotopy groups of A^{a, b) are then the 
homotopy groups of F{S^) = A{a,b). Likewise, {F(S'")} is an ri-spectrum, so its 
non-negative homotopy are also the homotopy groups of F{S'^). □ 
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In the absence of the stability hypothesis of the previous proposition, tends 
to better capture the stable homotopy theory of ^ C C, as indicated for example 
in the following proposition. 

Proposition 2.11. Let A C C be an enhanced simplicially enriched Waldhausen 
category. 

(i) For any x,y in A, the map A^{x,y) — > A^ {TiX , Ily) is a weak equivalence. 

(ii) For a cofibration f: a ^ b, Cf the homotopy cofiber, and any object z, the 
sequences 

VLA^ia, z) > A^{Cf, z) > A^{b, z) > A^{a, z) 

^^(z, a) > A^{z, b) > A^{z, Cf) > Y.A'^{z, a) 

form a fiber sequence and a cofiber sequence in the stable category, respec- 
tively. 

Proof. Part (i) and the statement about the first sequence in part (ii) are clear. 
The statement about the second sequence follows from part (i) and the argument 
in [HI §111.2.1] or [Tel 7.4.vi]. □ 

The proposition indicates that for a simplicially tensored Waldhausen category 
C, the spectral category is nearly "pretriangulated" in the sense of [H 4.4]. In 
fact, we have the following easy corollary: 

Corollary 2.12. Let C be a simplicially tensored Waldhausen category in which 
every object is weakly equivalent to a suspension. Then the category is pretri- 
angulated, i.e., the category of components ttqC^ has the structure of a triangulated 
category with triangles coming from the cofibration sequences and translation from 
the suspension. 

Remark 2.13. As the preceding results indicate, the construction of the mapping 
spectra described above provides a version of stabilization of the simplicial Wald- 
hausen category C. In particular, the zeroth space of (a fibrant replacement of) the 
mapping spectrum C^{x,y) is given by 

colim„ 17"C(x, S"y) ^ colim„ C(i;"x, E"?/). 

It is possible to explicitly compare to a model of the formal stabilization in 
terms of symmetric spectrum objects in C. We give an example below, but general 
theorems of this sort are encumbered with technical hypotheses, and since we do 
not need such results we leave this to the interested reader. 

Example 2.14 (Spectral categories and stabilization in Waldhausen's algebraic K- 
theory of spaces). Let G be a group-like topological monoid, let W a CW-complex 
on which G acts, and let R{W, G) denote the category of G-spaces which have W as 
a retract. When restricting to objects satisfying some kind of finiteness condition, 
R{W, G) provides Waldhausen's motivating example for a Waldhausen category 
and one of the models underlying the algebraic iiT-theory of spaces. We can give 
R{W, G) the model structure in which the weak equivalences are the equivariant 
maps that induce underlying equivalences of spaces. The category R{W, G) is in 
no sense stable (for example, when G and W are trivial, R{W, G) is the category 
of based spaces), and the spectral category R{W,G)^ is equivalent to the evident 
subcategory of free E!^G-spectra, as expected. 
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3. The S, and Moore nerve constructions 

As part of the construction of THH and TC of simplicially enriched Waldhausen 
categories and the construction of the cyclotomic trace in the next section, we need 
to extend Waldhausen's S*, construction and the nerve category construction to 
the context of simphcially enriched Waldhausen categories. We begin with the S*. 
construction, where no difficulties arise. 

Let Ar[n] denote the lexicographically ordered set of ordered pairs of integers i, j 
where < i < j < n. Recall that for a Waldhausen category Co, SuCq is the full 
subcategory of the category of functors A = a_._ : Ar[n] — > Cq such that: 

(i) ai^i = *, 

(ii) ttij — s> ai^k is a cofibration , and 

(iii) ai^i J tti^k — ^ flj.fc is an isomorphism 

for all i < J < fc. A map in S,Co is simply a natural transformation of functors 
Ar[n] Cq. This becomes a Waldhausen category with weak equivalences defined 
objectwise and cofibrations defined to be the objectwise cofibrations A ^ B such 
that each map a^.fc Uq^ ^ bi_j — > bi^k is a cofibration. 

Definition 3.1. For a simplicially enriched Waldhausen category C, let SnC be the 
simplicially enriched category with objects the same as S'„Co and simplicial sets of 
maps the simplicial set of natural transformations of functors Ar[n] — ^ C. 

Condition (iii) in the definition of 5, implies that a map A — > i? is completely 
determined by the maps aoj — )> boj. Since the maps aoj — > aoj+i are cofibrations, 
we can identify the simplicial set of maps SnC{A, B) as a pullback over fibrations 

(3.2) SnC{A,B)^C{ao,iM,i) 

That is, the simplicial set of maps computes a homotopy limit. Using this for- 
mulation of the maps, the following becomes an easy check of the definitions and 
standard properties of puUbacks of fibrations of Kan complexes. 

Proposition 3.3. Let C be a simplicially enriched Waldhausen category. Then: 

(i) SnC is a simplicially enriched Waldhausen category. 

(ii) // C is simplicially tensored or enhanced, then so is SnC. 

(iii) The face and degeneracy maps SmC — > SnC are enriched exact and are ten- 
sored exact or enhanced exact when C is simplicially tensored or enhanced. 

Moreover, Sn preserves enriched exact, tensored exact, and enhanced exact functors. 

Applying the spectral category constructions of the previous section, we get a 
simplicial spectral category S^C^ , natural in enriched exact functors of C. When 
C is simplicially tensored or enhanced, we get a simplicial spectral category S,C^ , 
natural in tensored exact or enhanced exact functors of C. The formula (13. 2p for 
the mapping spaces then implies the following result for spectral categories. 

Proposition 3.4. Let (f>: C T> be an enriched exact functor between simplicially 
enriched Waldhausen categories that are DK- compatible. If (j) is a DK-embedding, 
then Sn(f>^ ■ SnC^ — > SnT)^ is a DK-embedding. 

Proposition 3.5. Let (f): {A C C) ^ {B C V) be an enhanced exact functor 
between enhanced simplicially enriched Waldhausen categories. If (j): C T> is a 
DK-embedding, then 

Sn<P^ : SnA^' SnB^ 
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is a DK- embedding. 

In Proposition I3.4[ we do not necessarily get a DK-equivalence SnC^ — > Sn'D^ 
from a DK-equivalence C — > 2?. Applying the results of [6] , we can do slightly better 
in Proposition [3?5l 

Proposition 3.6. Under the hypotheses of Proposition if (j): A -> B and 
(/): C ^ T) are DK- equivalences, then 

Sn(f>^ : SnA^ SnB^ and S'„0^ : SnA'^ SnB^ 

are also DK-equivalences. 

Proof. It suffices to show that for any sequence of cofibrations &i ^ • • • — > 6„ in 
B, there exists a sequence of cofibrations ai a„ in ^ and a commutative 

diagram 

4>{ai) — > 0(02) —J- > (/'(a„_i) — )• 0(a„) 



61 > 62 > > bn-l > bn 

with the vertical maps weak equivalences. We argue by induction on n, the base 
case of n = 1 following from the fact that is a DK-equivalence and all weak 
equivalences have homotopy inverses. Having constructed the diagram 

4>{ai) 0(02) > cj){an-i) 



bl > 62 >■ > bn-l >■ bn 

by induction, we know from [SJ 1.4] that the homotopy category of objects in C 
under a„_i is equivalent to the homotopy category of objects in V under (/)(a„_i). 
We then get an object a' a map a„_i — > a' in C and a zigzag of weak equivalences 
under 0(a„_i) in V from 0(a') to 6„. Since 6„ is in B, by the embedding hypotheses, 
we see that a' is in A. Using an appropriate generalized interval J, we let a„ = 
(a„_i (g) J) Ua„_i a'. The inclusion of a„_i in a„ is a cofibration in C, and we get a 
weak equivalence under 0(a„_i) from 0(o„) to 6„. To complete the argument we 
need to see that a„_i a„ is a cofibration in A., i.e., that its cofiber is in A. This 
follows since <j){an/an^i) is weakly equivalent to 6„/6„_i, which is in B since by 
hypothesis bn-i 6„ is a cofibration in B. □ 

Waldhausen constructed the if-theory spectrum KCq as w.S'i'^^Co, where S'i"^ 
is the iterated iS.-construction and w, is the nerve of the subcategory of weak 
equivalences. The previous proposition extends the iterated S*, construction to 
simplicially enriched categories. We could likewise consider the simplicially enriched 
categories w„C with objects the sequences of weak equivalences 

Oo — > ■ ■ ■ — > an 

and simplicial sets of maps the natural transformations. Then for objects A and 
B, the simplicial set of WnC{A,B) becomes 

C(ao,6o) Xc(ao,hi) ■ ■ • Xc(a„_i,b„) C(a„,6„). 
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While this works formally, it does not work well homotopically because the pull- 
backs are not over fibrations and so the mapping spaces are not homotopy limits. 

We can sometimes resolve this problem by working with the simplicially enriched 
categories WnC, where the objects are the sequences of maps which are weak equiva- 
lences and cofibrations; we use this construction in Section|8l However, this is often 
inconvenient and does not always produce the correct result, and so instead we de- 
scribe a general technique for fixing the problem by putting choices of homotopies 
in the mapping spaces. As a first case, consider the following construction. 

Construction 3.7. Let C be a simplicially enriched category and let vCq be a sub- 
category of Cq. We construct a topologically enriched category vf'^C as follows. An 
object consists of a map ag: ao ^ ai in vCq. The space of maps viC{A, B) consists 
of elements /o,/i of the geometric realizations |C(ao,feo)|, |C(ai,5i)| (respectively), 
a non-negative real number r, and a homotopy /o,i of length r in |C(ao,&i)| from 
/3o ° /o to /i o a; we topologize this as a subspace of 

|C(ao,6o)| X |C(ai,6i)| xMx \C[aoM)\' ■ 
Composition is induced by composition of maps and homotopies. 

In the notation "M" stands for Moore, as this employs the Moore trick for 
making homotopy composition associative. In this construction, the mapping space 
Vi^C{A, B) is homotopy equivalent to the homotopy puUback 

|C(ao,6o)| X|c(ao,fci)| |C(ao,^i)K ^\c(aaM)\ \C{ai,hi)\. 

The Moore trick generalizes from paths to maps out of higher simplices [HI §2]. 
We understand the n-simplex of length r > to be the subspace A[n]r of points 
(to, ti,. . . ,tn) of with Q <ti <r and =r. Then given r, s > 0, the maps 
cr*;""* : A[i]r x A[n — i]s A[n\r+s defined by 

cr*;"~* : (to, . . . ,ti), {uo, . . . ,'u„_i) i — > (to, . . . ,ti + uo,ui, . . . ,Un-i) 

decompose A[n]r+s as a union of prisms 

n 

V'". : A[n]r+s y A[i\r x A[n - z],. 

4=0 

(See Proof of Theorem 2.4 in (THJ p. 162].) This decomposition clearly commutes 
with the simplicial face and degeneracy operations, and it is associative in that the 
following diagram commutes. 

<Tg'^. xid 

A[i\g X A[j]r X A[k], — > A[i+j]q+r X A[k]s 

id xcrj;^ 

A[i\g X A 

Construction 3.8 (Moore Nerve). For C a simplicially enriched category and vCq 
a subcategory of Cq, define the topologically enriched category v^^C as follows. The 
objects consist of the sequences of n composable maps in vCq 



j + k]r+s — > A[i +j + k]„+r+s 
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For convenience in what follows, we denote the structure map — >■ aj as cxij, for 
i < j (and I3i,j, jij similarly for objects B,C). An element of the space of maps 
from A to B consists of the following data: 

(i) An non-negative real number r 

(ii) For each < m < n and each 0<io<---<im<na, map 

fio,-,irr,- A[rn]^ — > \C{aio,bi,n)\ 
for r > 0, or an element of \C{aiQ,bi^)\ for r = 0. 
such that for any subset ijg, . . . ,ijg of 

*i) • • • ) ^TO) the map 

is the restriction to the face of fio^...j^ spanned by We topologize 

this as a subset of the evident product. Composition is induced by the prismatic 
decomposition above: foi F: A ^ B of length r > and G: iJ — > C of length 
s > 0, the composition H: A ^ C of length r + s is defined by taking hig^...^i^ to 
be the map 

(5jj,...,i„('W0, • • • , Wm-j) O Olia,i^) O (7i^,j^ O /j„,...,i^.(to, • • • 

on the A[j]r x A[m — i]s prism in the ip'^^ decomposition of A[m]r+s. For r = or 
s = 0, composition is induced by composition in C. 

A straightforward check of the formulas verifies that this defines a topological 
category. Moreover, v^C assembles into a simplicial topological category with the 
following naturality property. (It applies in particular to the important special case 

C = V with fCo ^ vVq.) 

Proposition 3.9. Given simplicially enriched categories C and V, a simplicially 
enriched functor 4>: C that takes vCq into vVq induces a topologically enriched 
simplicial functor v^C — >■ v^V. 

For objects A and B, v^' {A, B) is homotopy equivalent to the homotopy end of 
C(ai,bi) for n > 0, while VQ^C{a,h) — \C{a,h)\ x [0,oo). In particular C includes 
in Vq^C (after geometric realization) as the subcategory of maps of length zero. 
More generally, the nerve categories t;„C include (after geometric realization) as 
the subcategories of the Moore nerve categories v^C of the maps of length zero. 
Restricting to simplicially enriched Waldhausen categories, we get the following 
proposition. 

Proposition 3.10. Let C he a simplicially enriched Waldhausen category and vCq 
a subcategory of Cq. 

(i) IfvCo C wCo, then the inclusion of C in v^C is a DK-equivalence. 

(ii) IfvCo C CO Co, then the inclusion ofvnC in v^C is a DK-equivalence. 

Finally, we use the following notation. 

Definition 3.11. Let C be a simplicial enriched Waldhausen category, and let vCo 
be a subcategory of Cq. Define v^C^ to be the simplicial spectral category obtained 
from the simplicial F-category with 

v^C^{X,Y)=v^C{X,\/Y). 
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For A C C a.n enhanced simplicially enriched Waldhausen category, define v^'^A^ 
to be the simphcial spectral category with 

In the formula, \/ denotes the entry- wise coproduct; although this is not the 
coproduct in v^C, we can identify 

v'JC{yY,Z)cY[v'JC{Y,Z) 

as the subspace of g-tuples of maps, all having the same length. We then obtain F- 
category composition as in Section [2l Likewise, in the enhanced context, although 
E"y is not a based tensor in v^^C, we nevertheless have a continuous functor 

and we obtain the spectral category composition as in Section [2l 

Finally, note that the resulting spectral categories are enriched in symmetric 
spectra of topological spaces, as opposed to simplicial sets. In the context of the 
definition of THH we study in Section [51 this distinction will not cause any diffi- 
culties. 

4. The Moore S', construction 

Although the S, construction translates naturally to the enriched context, it 
is often useful to be able to weaken the cocartesian condition in the construction 
and instead work with an equivalent construction defined in terms of homotopy 
cocartesian squares called the S', construction O §2]. This flexibility plays a key 
role in the proof of the devissage theorem for the localization theorem for THH{ku) 
in Section [121 Such a definition also provides models of X-theory and THH which 
are functorial in functors "exact up to homotopy" as explained in Section [131 In 
this section we introduce an appropriately enriched version of the S'^ construction, 
using the Moore ideas from the previous section to construct the homotopically 
correct enrichment. 

We begin by reviewing the S'^ construction. For this, recall from [H §2] that a 
weak cofibration is a map that is weakly equivalent (by a zigzag) to a cofibration in 
the category ArCo of arrows in Co, and a homotopy cocartesian square is a square 
diagram that is weakly equivalent (by a zigzag) to a pushout square where one of 
the parallel sets of arrows consists of cofibrations. 

Construction 4.1. Let Cq be a Waldhausen category. Define S'J^q to be the full 
subcategory of functors A: Ar[n] Co such that: 

• The initial map * — ^ a^.i is a weak equivalence for all z, 

• The map 0;^- ai^k is a weak cofibration for all i < j < k, and 

• The diagram 

i i 

ajj — > Uj^k 

is a homotopy cocartesian square for all i < j < k. 

We define a map ^ ^ i? to be a weak equivalence when each mj bij is a 
weak equivalence. Clearly S', assembles into a simplicial category with the usual 
face and degeneracy functors. 
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In order to use S'^Cq to construct if -theory, we need a mild hypothesis on Co. We 
say that a Waldhausen category Co admits factorization when any map f : a ^ b 
in Co factors as a cofibration followed by a weak equivalence 

a Tf b, 

....... 

We say that Co admits functorial factorization if this factorization may be chosen 
functorially in / in the category Ar Co of arrows in Co . More generally, we say that 
Co admits factorization of weak cofibrations (FWC) or functorial factorization of 
weak cofibrations (FFWC) when the weak cofibrations can be factored as above. 
Enhanced simplicially enriched Waldhausen categories always admit FFWC using 
the standard mapping cylinder construction. 

Proposition 4.2. IJ A is an enhanced simplicially enriched Waldhausen category, 
then A admits FFWC. 

The significance of the hypothesis of FFWC is the following comparison result 
[3 2.9]. 

Proposition 4.3. Let Co be a Waldhausen category admitting FFWC. Then for 
each n, the inclusion wSnCa — > wS^^Cq induces a weak equivalence on nerves. 

The previous proposition implies that w^S'^Co models the if-theory space of 
Co. Using an iterated S', construction S'l''"^,,Co as a full subcategory of functors 
Ar[»] X • • • X Ar[»] to Co (see [51 A. 5. 4]) gives a model w,S'l^"^,,Co for the if-theory 
spectrum. 

For a simplicially enriched Waldhausen category C, we need a version of S'^C (or 
more generally w,S't^},,C) with the correct mapping spaces. As in the construction 
of the Moore nerve in 13.81 we do this using the Moore trick, this time with the 
full generality of the McClure-Smith construction of the Moore Tot [121 §2] of a 
cosimplicial object. 

Construction 4.4. Let C be a category enriched in simplicial sets, let -D be a 
small category, and let DCq be the category of D-diagrams in Co. For A = (ud) and 
B = (bd) in DCo, let D^^C{A,B) be the McClure-Smith Moore Tot (denoted Tot' 
in [191 §2]) of the cosimplicial object 

D^'CiA,Br^ H \C{ad,M)\ 

do—^ >dg 

(the cosimplicial object for the homotopy end of |C(^, We let D^^C be the 

topologically enriched category with objects the objects of DCq, maps the spaces 
D^^C{A, B) above, and composition induced by the "cup-pairing" [121 2.1] 

n |C(6d,,c,„)| X H |C(arf,,6,-)| ^ H |C(arf^+„CdJ|. 

dp— > >do '^'q~^ ^''o dp+g— > >da 

Here the map is induced on the dp+g ■ ■ ■ — t- do coordinate of the target by 
composition 

C(6dp,Crf„) xC(adp^^,6rfJ — yC{ad^^^,Cdo) 
of the maps on the dp ^ ■ ■ ■ ^ do and dp+q dp (i.e., d'^ = dp^i) coordinates 

of the source. 
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As in the previous section, we obtain a connective spectral enrichment using 
the objectwise coproduct and (when defined) a non-connective spectral enrichment 
using the objectwise suspension. 

We use analogous notation for the enriched categories associated to full sub- 
categories of diagram categories, obtaining for example S^^C and S'J^^C as full 
subcategories of Ar[n]C. Because the Moore Tot always has the homotopy type of 
the homotopy end (containing it as a deformation retract), we obtain the following 
result as an immediate consequence. 

Proposition 4.5. For a simplicially enriched Waldhausen category C, the inclusion 
of the topologically enriched category \SnC\ in S^/C as the length zero part is a DK- 
equivalence. 

(n) 

Considering more complicated diagrams, this also applies to WpSqj^'...^q„C. Think- 
ing of these categories as subcategories of WpSq^}...q^^C, the more restricted homo- 
topies in w^^ Sq^L.^q^^C make its mapping spaces subspaces of {'WpS'q^}..^q^Y'' C , and 
we get the following result. 

Proposition 4.6. For a simplicially enriched Waldhausen category C , the inclusion 
of Sqf!...^q^C in {'WpSqj^}...q^)'^^ C is fl DK-embcdding. If Co admits FFWC, then 
it is a DK-equivalence. 

We write {wpSq^l.^q^)^^C^ and when appropriate {wpS'q^}..^q^Y'' for the asso- 
ciated spectrally enriched categories, now enriched in topological symmetric spec- 
tra. 

5. THH, TC, AND THE CYCLOTOMIC TRACE 

In this section, we apply the constructions of THH and TC of spectral categories 
[H §3] in the context of the spectral enrichments associated to a simplicially enriched 
Waldhausen category C. For the connective enrichments, we require Waldhausen's 
5", construction in order to properly handle extension sequences in the Waldhausen 
structure for reasons first observed by McCarthy 18, 3.3.5] and Dundas-McCarthy 
[H 2.3.4]; for the non-connective enrichment, the S, construction turns out to be 
superfluous. 

We understand the construction of THH of a spectral category in terms of the 
Bokstedt-Dundas-McCarthy model of the Hochschild-Mitchell "cyclic nerve" . Its 
fundamental properties include: 

(i) THH is a continuous functor from spectral categories (in topological sym- 
metric spectra) to cyclotomic spectra. 

(ii) THH sends DK-equivalences of spectral categories to weak equivalences 
of cyclotomic spectra. 

Associated to the cyclotomic spectrum THH are natural pro-spectra TR and TC. 
Their fundamental properties include: 

(i) If a spectral functor induces a weak equivalence on THH , then it induces 
a level weak equivalence of pro-spectra on TR and TC. 

(ii) The TR and TC constructions preserve cofiber sequences of cyclotomic 
spectra. 

For details and constructions, we refer the reader to [H §3] and the references 
therein. The construction makes sense for spectral categories enriched in symmetric 
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spectra in either simplicial sets or topological spaces; in the case of simplicial sets, 
essentially the first step is geometric realization. The treatment in [4] focuses on 
the context of simplicial sets; the properties listed there still hold in the context 
of topological spaces with the additional technical hypothesis that the individual 
mapping spectra in the spectral categories be non-degenerately based (the inclusion 
of the base point in each space of the symmetric spectrum is a cofibration) and 
that the inclusion of the identity elements (in zeroth spaces) are cofibrations. This 
happens automatically for the spectral categories obtained by geometric realization 
from spectral categories in the simplicial set context and more generally for all of 
the spectral categories we work with in this paper. 

Because the properties of TR and TC are so closely tied to the properties of 
THH, in later sections we will typically state weak equivalence and cofiber sequence 
results in terms of THH, as these then automatically imply the corresponding 
resuhs for TR and TC. 

Definition 5.1. For a simplicially enriched Waldhausen category C, we define 

WTHH^C = n\THH{S,C^)\ 

WTR^C = n\TR{S,C^)\ 

WTC^C = n\TC{S.C^)\. 

If C is a simplicially tensored Waldhausen category and ^ C C is an enhanced 
simplicial Waldhausen category, then we define 

WTHHA = n\THH{S,A^)\ 

WTRA^n\TR{S,A^')\ 

WTCA^niTCiS.A'^)]. 

In other words, we apply THH, TR, or TC first to get simplicial (or multisim- 
plicial) cyclotomic spectra or pro-spectra. Then we take the geometric realization 
in the simplicial directions, followed by loops. We have the following naturality 
properties. 

Proposition 5.2. An enriched exact functor induces maps on WTHH^ , WTR^ , 
and WTC^ . A tensored exact or enhanced exact functor induces maps on WTHH, 
WTR, and WTC . Naturally weakly equivalent functors induce the same map in 
the stable category. 

Proof. The only part not immediate from the construction is the last statement. We 
use Construction 13 . 7l for vVq the subcategory of weak equivalences wVq. We have 
a pair of simplicial spectrally enriched functors wf^ S,!)^ — > S,T>^ each split by the 
inclusion S,V^ wfS,V^. Since the inclusion induces a DK-equivalence S,T> — > 
StV^ , both maps w^^ S,V^ S,T>^ induce the same map in the stable category 
on THH, TR, and TC. Now, given enriched exact functors 0Oj 0i : C ^> 2? and h 
a natural weak equivalence between them, we get a simplicial spectrally enriched 
functor StC^ — >■ wf' S,T>^ (factoring through the length zero part wiStV^). The 
two composites 

S,C^ w^'S,V^ S,V^ 

are the maps induced by 0o and 0i . For tensored exact or enhanced exact functors 
4>Q and 4>i and a natural weak equivalence between them, the same argument applies 
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to show that the maps on WTHH, WTR, and WTC induced by 4>q and 4>i coincide 
in the stable category. □ 

Applying Proposition 13.41 and 13.61 we obtain the following homotopy invariance 
properties. 

Proposition 5.3. Let 0: C — ?■ 2? be an enriched exact functor between simplicially 
enriched Waldhausen categories that are DK-compatible. Assume that <f) is a DK- 
embedding and that every object of Sn'D is weakly equivalent to an object in the 
image of Sn4> (for all n). Then (j> induces weak equivalences on WTHH^ , WTR^ , 
and WTC^. 

Proposition 5.4. Let (f>: A ^ B be an enhanced exact functor between enhanced 
simplicially enriched Waldhausen categories. If (p is a DK-embedding of the ambient 
simplicially tensored categories and a DK- equivalence A ^ B and a DK- equivalence 
on the ambient simplicially tensored Waldhausen categories, then cf) induces a weak 
equivalence on WTHH, WTR, and WTC. 

Implicitly in the previous propositions we passed from a level weak equivalence of 
simplicial spectra -4 Y, to a weak equivalence on geometric realization \X,\ 
|Y,|. Using the standard geometric realization, we need hypotheses on and 
y, for this to work. One sufficient hypothesis is that X, and Y, are spacewise 
proper: we say that a simplicial symmetric spectrum of topological spaces X, is 
space- wise proper when the simplicial space X,(n) is proper for every n, i.e., for 
each k, each degeneracy map Xk{n) —5- Xk+i{n) is a Hurewicz cofibration (satisfies 
the homotopy extension property) . The following proposition applies to verify this 
property for the constructions in the previous propositions and the many other 
constructions in this paper. Its proof requires the details of the THH construction 
but is then straightforward given the standard properties of Hurewicz cofibrations. 

Proposition 5.5. LetC, be a simplicial object in the category of spectral categories 
(in topological symmetric spectra). Assume that for all k and all objects x,y ofCk, 
each space of the mapping spectrum Ck{x,y){n) is non- degenerately based and each 
degeneracy map s* : Ck{x, y)(n) — Ck+i {s^x, s^y){n) is a Hurewicz cofibration. Then 
the simplicial spectrum THH{C,) is spacewise proper. 

Waldhausen's approximation property provides a convenient formulation for the 
conditions in Propositions 15.31 and 15.41 that often holds in practice. We say that 
exact functor 0: C — > 2? has the approximation property when: 

(i) A map / : a 6 is a weak equivalence in C only if the map </)(/) in P is a 
weak equivalence. 

(ii) For every map / : 4>{a) x in T>, there exists a map g: a b in C and a 
weak equivalence h: (j){b) x inT) such that g = ho (f>{g). 

We then have the following THH analogue of Waldhausen's Approximation Theo- 
rem. The proof is that under factorization hypotheses, the approximation property 
implies that (p is a, DK-equivalence; see [6', 1.4-1.5]. 

Theorem 5.6. Let 4>: (A G C) ^ {B C T>) be an enhanced exact functor between 
enhanced simplicially enriched Waldhausen categories, and suppose that po'. Cq ^ 
T>o satisfies the approximation property. If every object of B is weakly equivalent 
to the image of an object of A, then (p induces weak equivalences on WTHH^ , 
WTR^, WTC^ and on WTHH, WTR, WTC. 
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In many situations, the underlying Waldhausen category Co of a simplicially 
enriched Waldhausen category C admits a second subcategory of weak equivalences 
vC{) (not necessarily related to the simplicial structure, or even satisfying the two out 
of three property). When vCq contains all the isomorphisms and satisfies the Gluing 
Axiom (Weq 2 in [28l §1-2]), each Waldhausen category S'„Co inherits a subcategory 
vSnCo also satisfying these properties. In this context, we have additional variants 
of THH, TR, and TC. 

Definition 5.7. Let C be a simplicially enriched Waldhausen category, and let vCq 
be a subcategory of Cq containing all the isomorphisms and satisfying the Gluing 
Axiom. Then we define the connective relative THH, TC, and TR of {C\v) as 
indicated below (on the left). When C is simplicially tensored and ^ C C is an 
enhanced simplicially enriched Waldhausen category, we define the non-connective 
THH, TC, and TR of {A\v) as indicated below (on the right). 

WTHH^{C\v) = n\THH{v^S,C^)\ WTHH{A\v) = n\THH{v^' S.A'^)] 

WTR^{C\v) = n\TR{v^S,C^)\ WTR{A\v) = n\TR{v^' S.A'^)\ 

WTC^{C\v) = n\TC{vfS,C^)\ WTC{A\v) = 17|TC(vf S".^^)] 

In the special case when vCq is the category of weak equivalences wCq, the in- 
clusion of each SnC^ into w^^ SnC^ and (when defined) SnA^ into w^' SnA^ is a 
DK-equivalence. This implies the following proposition. 

Proposition 5.8. For C a simplicially enriched Waldhausen category and A an 
enhanced simplicial enriched Waldhausen category, the maps 

WTHH^C — > WTHH^{C\w) WTHHA — > WTHH{A\w) 

WTR^C — > WTR^{C\w) WTRA — > WTR{A\w) 

WTC^C — ^ WTC^{C\w) WTCA WTC{A\w) 

are weak equivalences 

To construct the cyclotomic trace, we need a final variant of these constructions 
where we iterate the S, construction. 

Definition 5.9. Let 

WTHH^C{n) = \THH{wt'si''''C^)\. 
The simplicial maps of spectral categories 

j:n-rr.^Mg{m)^r _^ g(n) 

induce maps 

^"^^"'WrJlH^Cirn) — y WTHH^ C{n) 

(as in §1-3]). These maps assemble WTHH^C into a symmetric spectrum in 

the category of cyclotomic spectra. We define WTR and WTC to be the TR and 

TC pro-spectra constructed from WTHH. 

As a consequence of the Additivity Theorem 16. 1[ we prove the following lemma 
in Section [6] 

Lemma 5.10. The map Y^'^-^'WrJlH^Cirn) WTHH^C{n) m Definition\5lM 
is a weak equivalence for all n > m > 0. 
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We have analogous constructions and results in the relative case (using v^^ in 
place of w^' ) and non-connective case (using for when A is enhanced). 
The identity WTHH^C = nWTHH^C{l) then immediately implies the following 
result. 

Theorem 5.11. We have natural isomorphisms in the stable category 

WTHH^C ~ WTHH^C WTR^C ~ WT^ C WTR^C ~ WTXfc 

and likewise for the relative and non- connective variants when these are defined. 

We can now define the cyclotomic trace. 

Definition 5.12. For a simplicially enriched Waldhausen category C, the cyclo- 
tomic trace 

K{Co) — > WTCfc — > WTHH^C 
is the map induced by the inclusion of objects 

KCq = Ob(w.S'i"'Co) = Oh{wt's'i:''^C^) — ^ WTHH^C. 

For vCa a subcategory of Co containing the isomorphisms and satisfying the Gluing 
Axiom, the relative cyclotomic trace is the map 

K{Co\v) WTCf{C\v) — > WTHH^{C\v) 
induced by the inclusion of objects 

K{Co\v) = Ob(v.^l"^Co) = Ob(ff 5i")c^) — > WTHH^{C\v). 

Finally, to compare the definitions of this section with the theories used in [4], 
we state the following two theorems. The first is a consequence of the Additivity 
Theorem 16.31 and proved in Section [6l 

Theorem 5.13. Let A be an enhanced simplicial Waldhausen category. The in- 
clusion oJTHH{A'^) m WTHH{A) is a weak equivalence of cyclotomic spectra. 

The second is a special case of the Sphere Theorem from Section [9l see Corol- 
laries [93] and EH 

Theorem 5.14. Let R be a ring, a simplicial ring, or a connective ring spectrum, 
and let A be the simplicially tensored Waldhausen category of finite cell modules 
(built out of free or finitely generated projective modules) in Example \L5l fi) or (ii) 
(as appropriate). Then the natural map WTHH^{A) WTHH{A) is a weak 
equivalence of cyclotomic spectra. 

Thus, for a ring, simplicial ring, or connective ring spectrum, we have weak 
equivalences of cyclotomic spectra 

WTHH^iA) WTHH{A) ^ THH{A) ^ THH{R), 

where the last weak equivalence is a special case of [4, 4.12]. 
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Part 2. i^-theory theorems in THH and TC 

6. The Additivity Theorem 

In this section, we present tlie Additivity Theorem for the THH of Waldhausen 
categories. The modern viewpoint, implicit in |28| but first written explicitly by 
StafFeldt f2F|, holds the Additivity Theorem as the fundamental property of K- 
theory. Following this perspective, we deduce the remaining ii'-theoretic properties 
of THH from the Additivity Theorem in the next three sections. 

To state the Additivity Theorem, we use the following notation. For C a sim- 
plicially enriched Waldhausen category, let £{C) — S2C be the simplicially enriched 
Waldhausen category with objects the cofiber sequences a; — s> y — s> z (in Co). We 
have enriched exact functors a, /3, 7 from £{C) to C defined by 

a{x — !> y — s> z) = x, l3{x y ^ z) = y, j{x y ^ z) ~ z. 

Theorem 6.1 (Additivity Theorem). For a simplicially enriched Waldhausen cate- 
gory C, the enriched exact functors a andj induce a weak equivalence of cyclotomic 
spectra 

WTHH^(S{C)) — > WTHH^iC) x WTHH^{C) ~ WTHH^{C) V WTHH^{C). 

McCarthy's proof of the Additivity Theorem for iiT-theory [17] provides a very 
general argument for showing that the map (a, 7): S,£{C) — > S,C x S,C induces 
a homotopy equivalence in various contexts. The elaboration in [18l §3.4-3.5] to 
prove the Additivity Theorem for cyclic homology of fc-linear categories carries 
over essentially word for word to prove the Additivity Theorem above, just replacing 
"CA^" with "TiJiJ" and "fc-linear" with "spectral". (The only property of THH or 
CN needed is that it takes simplicial homotopy equivalences of simplicial (spectrally 
or fc-linearly) enriched categories to weak equivalences of spectra or simplicial sets.) 

The following result is both a generalization and a corollary of the Additivity 
Theorem above. Recall that a sequence of natural transformations of exact functors 
f g h from Cq to T>q forms a cofiber sequence of exact functors, when (taken 
together) they define an exact functor C to f (2?). 

Corollary 6.2. Let C and T) he simplicially enriched Waldhausen categories, and 
let f ^ g ^ h be a sequence of enriched exact functors C ^ T> that forms a cofiber 
sequence of exact functors. Then the maps 

WTHH^ig) and WTHH^{f) \/ WTHH^{h). 

from WT H H^ (C) to WT H H^ {V) agree in the homotopy category of cyclotomic 
spectra. 

Proof. The functor 2? x 2? — > £{T>) sending (a, 6) to a — s> a V 6 — ?• 6 is a enriched 
exact functor, and the composite map 

WTHH^{V) V WTHH^{V) — > WTHH^{V x V) — > WTHH^{£{V)) 

splits the zigzag of weak equivalences in the Additivity Theorem and is therefore a 
weak equivalence of cyclotomic spectra. It follows that /? and a V 7 induce the same 
map £{T>) — ?> T> in the homotopy category of cyclotomic spectra. Precomposing 
with f ^ g h proves the corollary. □ 

This corollary provides the key tool for even more general additivity statements. 
For example, the map SnC — > CxSn-iC defined by sending X = (xij) to (xo^i,doX) 
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induces a weak equivalence on WTHH . To see this, consider the map C x Sn-iC 
SnC sending {x,Y) to Z = (zij) with 

^ _ \xV yoj-i i = 
''■^ i > 0. 

The composite map on C x Sn~iC is the identity, and the composite map on SnC 
is / V ft- for exact functors / and h that fit in a cofiber sequence of exact functors 
f ^ g ^ h with g the identity. We wih use this argument many times in what 
follows. 

When ^ is a simplicially enhanced Waldhausen category, so is £{A) and the 
functors q;,/3,7 are enhanced exact. We have precise analogues of the previous 
results (with the same proof). In fact, we have the following stronger version of 
the Additivity Theorem for the non-connective enrichment as a consequence of the 
analogue of the Thomason-Trobaugh localization theorem for THH 6.1] (q.v. 
op. cit. B.8). 

Theorem 6.3. Let A be an enhanced simplicial Waldhausen category. The en- 
hanced exact functors a and 7 induce a weak equivalence of cyclotomic spectra 

THH{£^{A)) — > THH{A^) x THH{A'^) < — THH{A'^) V THH{A^). 

As a consequence of the Additivity Theorems 16.11 and 16.31 we can now prove 
Lemma [5. 101 and Theorem 15. 131 

Proof of Lemma \5.10\ and Theorem \5.13\ We will treat Lemma lS.lOl in detail; The- 
orem [5T3] follows from the same argument using A in place of S,C and Theorem l6.3l 
in place of Theorem 16.11 To prove Lemma 15.101 it suffices to show that the map 
Y,WTHH^{C) ^ WTHH^{S,C) is a weak equivalence. This map is induced by a 
simplicial map 

\JWTHH^{C) — > WTHH^{SnC), 

n 

which is a weak equivalence by the Additivity Theorem and the argument following 
Corollary O □ 

7. The Cofiber Theorem 

This section is the first of three that apply the Additivity Theorem to prove 
standard X-theory theorems in THH and TC. This section provides a general cofi- 
bration sequence for THH (and TC) associated to a map of Waldhausen categories 
by identifying the cofiber term as a version of THH . Following Waldhausen [28l 
§1.5], we call this theorem the "Cofiber Theorem". 

We begin with the construction of the cofiber term. For / : C — > 2? an enriched 
exact functor, we define a simplicially enriched Waldhausen category Snf as follows. 
An object consists of an object Y = {yij) of SnC together with an object X = {xij) 
of Sn+iT> such that doX — f{Y), that is, Xi+i.j+i = f{yij), with the structure 
maps for this subdiagram in X identical with f{Y). For objects {X,Y), {X',Y'), 
the simplicial set of maps consists of the simplicial set of natural transformations. 
We make this a Waldhausen category by declaring a map (X, Y) — ^ (X', Y') to be 
a cofibration (resp., weak equivalence) when the restrictions X' X (in Sn+iT^) 
and Y' ^ Y (in SnC) are both cofibrations (resp., weak equivalences). This as- 
sembles into a simplicial object in the category of simplicially enriched Waldhausen 
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categories using the usual face and degeneracy maps on SnC and the last n + 1 face 
and degeneracy maps on Sn+iD. 

Definition 7.1. For / : C — > 2? an enriched exact functor, define 

WTHH^if) = \WTHH^{S,f)\. 

We note that when / : ^ — > ;B is an enhanced exact functor between enhanced 
simplicially enriched Waldhausen categories, then Snf is also an enhanced simpli- 
cially enriched Waldhausen category and 5*,/ is a simplicial object in enhanced sim- 
plicially enriched Waldhausen categories. We write WTHH(J) = \WTHH{S,f)\. 

To put this construction in perspective, we have an alternative description of 
5,/ as a pullback. For any simplicial object Z,, we can form the "path" object 
PZ, precomposing with the shift operation [n] H- [?^ + 1] in the category of standard 
simplices (or finite ordered sets). In this notation, we have a pullback square 

Y do 

s,c s,v 

in the category of simplicial simplicially enriched categories. The usual extra de- 
generacy argument produces a simplicial null homotopy on PS^C, and applying 
WTHH^ and (when appropriate) WTHH, we get commutative squares of cyclo- 
tomic spectra 

WTHH^if) > \WTHH^{PS.V)\ WTHH{f) > \WTHH{PS,B)\ 



\WTHH^{S,C)\ — > \WTHH^{S,V)\ \WTHH{S,A)\ — > \WTHH{S,B)\ 

where the top right entry comes with a canonical null homotopy through cyclotomic 
maps. We therefore get a map of cyclotomic spectra from WTHH^ {/) to the ho- 
motopy fiber of the map \WTHH^{S,C)\ \ WTHH^{S,V)l which is equivalent 
to the homotopy cofiber of the map WTHH^C WTHH^V. Likewise in the 
enhanced exact context, we get a map of cyclotomic spectra from WTHH{f) to 
the homotopy cofiber of the map WTHHA WTHHB. The Cofiber Theorem 
asserts that these maps are weak equivalences. 

Theorem 7.2 (Cofiber Theorem). For f : C ^ V an enriched exact functor, we 
have a cofiber sequence of cyclotomic spectra 

WTHH^iC) — > WTHH^iV) — > WTHH^{f) — > \WTHH^{S,C)\. 

For f : A ^ B an enhanced exact functor, we have a cofiber sequence of cyclotomic 
spectra 

WTHH{A) — > WTHH{B) — > WTHH{f) — > \WTHH{S,A)\. 

Proof, (cf. [28, 1.5.5]) The argument for the connective and non-connective enrich- 
ments are identical; we treat the connective case in detail. Consider the map 

WTHH^(V) V V WTHH^iC) — > WTHH^{V x S^C) — > WTHH^{Snf) 
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induced by sending 6, ai, . . . , a„ to (6, Y) and then {X, Y) with Y = (yi.j) for 

y^j = Qi+i V ■ • ■ V 

and X — (xij) for 

^ ibV fiyo,j-i) 1 = 

with the canonical maps induced by inclusions and quotients of summands. Apply- 
ing the argument following Corollarv l6.2[ we see that this map is a weak equivalence. 
Letting n vary, these assemble into a simplicial map where we regard the domain 
as the simplicial cyclotomic spectrum 

WTHH^{V) UwTHHr{c) WTHH^iC) A A[l]. 
On geometric realization, this induces a map from the homotopy cofiber 

C = WTHH^{V) UwTHHr{c) WTHH^{C) A / 

to WTHH^{f) that we see is a weak equivalence. The composite map 

C — > WTHH^if) — > WTHH^{S,C) 

factors as the connecting map C Y.WTHH^[C) composed with the weak equiv- 
alence I]iyri/i/^(C) I Tyri/i/r(S'.C) I . □ 

Using the alternate models WTC and WTHH of Definition [STU we get construc- 
tions WTC^ [f) and WTHH^ (f) that admit a cyclotomic trace from ivT-theory. 
Because on objects, the map constructed in the proof of Theorem 17.21 agrees with 
the corresponding map in cofiber sequence on if-theory, we get the following theo- 
rem as an immediate consequence. 

Theorem 7.3. For f : C ^ T) an enriched exact functor, the following diagram 
commutes. 

K{Co) > K{Vo) > K{f) > K{S.Co) 

trc^ trc^ trcj^ trcj^ 

WTC^iC) > WTC^{V) > WTCf{f) > WTCf [S.C) 

>L -J^ 

WTHH^iC) WTHH^iV) WTHH^ [f) WTHH^ {S,C) 

Returning to Theorem 17.21 we have the following corollary that allows us to 
study the cofibers of exact functors in "TiJ iJ-theoretic" terms. 

Corollary 7.4. Let f : A B and g: C he enriched exact functors. Then the 

commutative square of cyclotomic spectra on the left is homotopy (co) cartesian. 

WTHH^{B) > WTHH^if) WTHH{B) > WTHH{f) 

-X' ~Ar ~\' -A- 

WTHH^{C) WTHH^ig o f) WTHH{C) WTHH{g o /) 

// / and g are enhanced exact then the commutative square of cyclotomic spectra 
on the right is homotopy cartesian. 
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In the special case when C is a simphciahy enriched Waldhausen subcategory of 
T) and / is the inclusion, S,f admits an equivalent but smaller variant where we 
omit the choices of subquotients. 

Definition 7.5. We say that C C I? is a simplicially enriched Waldhausen subcate- 
gory when C d V is full as a simplicially enriched category and Cq is a Waldhausen 
subcategory of Vq. In this case we define F,{'D,C) to be the simplicially enriched 
Waldhausen subcategory of the nerve of the cofibrations in V whose quotients lie 
in C. 

Concretely, i^„(2?, C) has as objects the composable sequences of n cofibrations 

Xq xi ■ ■ ■ >^ Xn 

such that Xi-^i/xi is an object of C for all i, with maps the simplicial sets of natural 
transformations. We have a forgetful functor from S,{C — > V) to F,{'D,C) that 
throws away the subquotients, i.e., sending {X,Y) in Sn+i'D x SnC to 

in F„{'D,C), where X = (xij). At each simplicial level this map is an equivalence 
of simplicial Waldhausen categories, and in particular induces a DK-equi valence 

We therefore obtain the following observation, useful in combination with Theo- 
rem O 

Proposition 7.6. For C C V a simplicially enriched Waldhausen subcategory, 
the forgetful functor from S*, (C — > 2?) to F,(T>,C) induces a weak equivalence of 
cyclotomic spectra 

WTHH^iC -^V) — > \WTHH^{F,{V,C))\. 

We have the notion of a closed simplicially enriched Waldhausen subcategory, 
which is a simplicially enriched Waldhausen subcategory A G B where is a 
closed Waldhausen subcategory of So (i.e., every object of B weakly equivalent to 
an object of A is in A). When B is an enhanced simplicially enriched Waldhausen 
category and A C B is a closed simplicially enriched Waldhausen subcategory, then 
A is also enhanced simplicially enriched. The discussion above then generalizes to 
show that 

SmSniC ^V) ^ SMV,C). 

induces an equivalence (and in particular DK-equivalence) on non-connective en- 
richments. It follows that 

WTHH{A -^B) — > \WTHH{F,{B,A))\ 

is also a weak equivalence of cyclotomic spectra. 

8. The Localization Theorem 

The Localization Theorem, called by Waldhausen the "Fibration Theorem" , pro- 
vides the most important instance of the Cofiber Theorem. Roughly speaking, this 
theorem states that algebraic iiT-theory takes quotient sequences of triangulated 
categories to cofiber sequences of spectra. In this section, we prove versions of this 
theorem for THH and TC. In the case of the non-connective enrichment, we obtain 
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a localization sequence equivalent to the one in [4]; in the case of the connective 
enrichment, we obtain a localization sequence generalizing the one in |13j . 

For the setup for the Localization Theorem, we take an enhanced simplicially 
enriched Waldhausen category A together with an additional subcategory of weak 
equivalences vAq that contains its usual weak equivalences wAq. We assume that 
vAq satisfies the two-out-of-three properties and the Extension Axiom [28, §1.2], 
meaning that given a map of cofibration sequences 

X > — > y > y/x 

4 i 

a;' ^ y' — > y'/x' 

with the outer maps x x' and x/y ^ /y' in vAq, then the inner map y -> y' is 
in vAq. Finally, recalling that as an enhanced simplicially Waldhausen category, A 
admits tensors with contractible simplicial sets, we say that vAq is compatible with 
cylinders when for any map a; — a;' in vAq, the map 

X — > x' Llx{x® A[l]) 

is a cofibration in ^o, i-e., its quotient is in A. The category of v-acyclics Aq consists 
of the full subcategory of objects u-equivalent to the trivial object *. Under these 
hypotheses, forms a closed Waldhausen subcategory of A. Moreover, Aq is 
closed under extensions and cofibers in Ao, meaning that for a cofibration sequence 
in ^0 

X y^y — > y/x, 

if X and either of y or y/x is in ^g, then so is the other. Letting A" be the full 
simplicially enriched subcategory of A consisting of the objects in ^o, then A^ 
forms an enhanced simplicially enriched Waldhausen category with the inclusion 
functor A^ A enhanced exact. We can now state the Localization Theorem. 

Theorem 8.1 (Localization Theorem). With hypotheses and notation as in the 
previous paragraph, the following commutative squares of cyclotomic spectra are 
homotopy (co) cartesian. 

WTHH^iA") > WTHH^{A''\v) WTHHiA") > WTHHiA^lv) 

WTHH^iA) > WTHH^{A\v) WTHH{A) > WTHH{A\v) 

Moreover, in each square, the upper right entry is null homotopic through cyclotomic 
maps. Thus, we have cofiber sequences of cyclotomic spectra, 

WTHH^iA'') — > WTHH^iA) — > WTHH^{A\v) — > J:WTHH^{A") 
WTHH{A'') — > WTHH{A) — > WTHH{A\v) — > Y.WTHH{A''). 

Although formally similar in statement and proof, the two localization sequences 
above are very different in practice. In the case when A is pretriangulated (which 
by Corollary 12.121 just means in this context that every object is weakly equiva- 
lent to a suspension), the Localization Theorem of [4] identifies the relative term 
WTHH{A\v) in the second sequence above as the THH of the triangulated quo- 
tient A/A^ (for any spectrally enriched model of this quotient). 
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In the special case when A is the category of finite cell EKMM i?-niodulcs for 
the S'-algebra R = HA for a discrete valuation ring A oy R — ku \s connec- 
tive X-theory, we take the t^-equivalences vAq to be the i?[/3~^]-equivalences, the 
maps that induce isomorphisms on homotopy groups after inverting /3, where (3 
is a uniformizer for A (when R = HA) or is the Bott-element (when R = ku). 
Then Theorem 15.141 (proved in Section [9|) combined with Theorem 15.131 identify 
both WTHH^{A) and WTHH{A) as THH{R). In the non-connective case, we 
then have that WTHH{A\v) is equivalent to T H H {R[I3~^]) . Calculations show 
WTHH{A'') cannot be equivalent to THH{R/P). On the other hand, we will 
prove a devissage theorem in Part 4 that identifies WTHH^{A'') as THH{R/I3) 
and calculations show that WT H H^ {A\v) cannot be equivalent to THH{R[(3^^). 

Returning to Theorem 18.11 it follows that the analogous squares in the "tilde" 
models WTHH and WTC are homotopy (co)cartesian as well, and we get cofiber 

sequences on WTHH^ and WTC^ . By naturality, the maps in the squares and in 
the cofiber sequences commute with the cyclotomic trace. For convenient reference, 
we state this explicitly in the following theorem. 



Theorem 8.2. Under the hypotheses of Theorem \8.1{ the following diagram of 
cofiber sequences commutes. 




WTC^iA'') > WTC^{A) > WTC^[A\v) > YWTCf {A") 



i 



i 



WTHH^{A'') WTHH^iA) WTHH^{A\v) EWTHH^iA"") 

We begin the proof of Theorem 18.11 by noting that the category of w-acyclics 
completely characterizes the ti-equivalences vAq. 

Proposition 8.3. Under the hypotheses of Theorem 
vAq if and only if the homotopy cofiber 



8.11 a map f : x ^ y is in 



Cf = y'0^ (x® A[l]) * 



is in AY). 



Proof. Let Mf = ?/ U^; (x (g) A[l]) so that Cf = Mf/x. The map Mf y is 
a weak equivalence (and so in particular a w-equivalence) and the composite map 
a; — ^ Af / — ^ y is / and so the inclusion of x in Mf is in vAo if and only if / is. 
Consider the commutative diagram of cofiber sequences 



-I I 

X ^ Mf — 

By the Gluing Axiom, Cf is in Aq when x 
Axiom X —7- M f is in vAq when C f is in ^q. 



i 

■Cf. 



Mf is in vAo. 



By the Extension 
□ 



Let vAq = vAo n CO ^0 denote the subcategory of Ao consisting of the maps 
that are both cofibrations and u-equivalences. The previous proposition implies 
that vAo consists of those cofibrations whose quotients are u-acyclic. It follows 
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that F,{A,A^) — v,A, and applying Corollary 17.41 and Proposition I7.6| we get 
homotopy (co)cartesian squares 

WTHH^iA") iWTHH^iv^A")] WTHH{A'') —>■ \WTHH{v.A")\ 



WTHH^iA) > \WTHH^{v,A)\ WTHH{A) — > \WTHH{v,A)\. 

We now have what we need to prove Theorem 18. II 

Proof of Theorem \8.1\ To obtain the homotopy (co)cartesian squares, we just need 
to see that the maps 

WTHH^{v,A) — ^ WTHH^ivt^A) and WTHH{v,A) — ^ WTHH{vt'A) 

are weak equivalences. The inclusion of jupS*,;^! in jw^^ 5*5^1 is a DK-embedding 
and an easy mapping cylinder argument shows that it is a DK-equivalence. 

It follows that WTHH^{A''\v) and WTHH^{A''\v) are weakly equivalent as 
cyclotomic spectra to the trivial spectrum, and to produce a null homotopy through 
cyclotomic maps is not much more work. The simplicial object v^"^ A^ has an extra 
degeneracy which on objects inserts the trivial map at the start of the chain of 
maps. On maps, we use the unique (constant trivial) homotopy on any subsimplex 
that has the new trivial object as one of its vertices. □ 

9. The Sphere Theorem 

In this section, we state versions of Waldhausen's "Sphere Theorem" for the 
THH of Waldhausen categories, which we prove in the next section. These the- 
orems allow us to deduce the important consistency result that all the different 
models for the THH of the finite-cell modules over an EKMM S'-algebra or a sim- 
plicial ring agree (Theorem 15. 141 above) . Before stating a precise theorem, we need 
two definitions. 

Definition 9.1. Let C be a simplicially tensored Waldhausen category. We say 
that C is stable when: 

(i) Every object of C is weakly equivalent to a suspension, and 

(ii) For all objects x and y in C, the suspension map C{x, y) — t- C{Y,x, Ey) is a 
weak equivalence. 

We say that C is almost stable when it satisfies just condition (ii). 

As observed in Corollarv l2.121 the first condition implies that the non-connective 
spectral category is pretriangulated, and its homotopy category ttqC"^ is trian- 
gulated. The second condition implies that the homotopy category ttqC^ coincides 
with the homotopy category ttqC and also that the connective spectral enrichment 
C^{x,y) is the connective cover of the non-connective spectral enrichment C^{x,y) 
(Proposition l2 . 1 Op . Combined with the fact that the mapping simplicial sets C{x, y) 
are Kan complexes (and that weak equivalences in C are homotopy equivalences in 
the obvious sense), this puts all the basic tools and techniques of homotopy theory 
and stable homotopy theory at our disposal. 

In the stable case the hypotheses we need for the Sphere Theorem greatly simplify 
and so we will explore that case first. In addition to the stability assumptions above, 
we need to assume that C is generated by connective objects in the following sense. 
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Definition 9.2. Let C be an ahiiost stable simplicially tensored Waldhausen cat- 
egory. A connective class Q in C is a set of objects of C such that for any a, b in 
Q, C^{a,b) is connective. If C is stable, then we say that Q is generating if the 
smallest triangulated subcategory of the triangulated category ttqC^ that contains 
Q is all of ttqC^. 

See Definition 19 . 91 for the definition of generating when C is almost stable. In this 
terminology, we prove the following theorem, the THH analogue of Waldhausen's 
Sphere Theorem for the stable case. 

Theorem 9.3 (Sphere Theorem, Stable Version). Let C be a stable simplicially 
tensored Waldhausen category and assume that C has a generating connective class 
Q. Then the canonical cyclotomic maps are weak equivalences 

WTHH^{C) ^ WTHH{C) THH{C^) THH{Q^). 

Here denotes the full spectral subcategory of on the objects of Q. 

We state the following corollary for ease of reference and citation; it is one case 
of Theorem 15.141 

Corollary 9.4. Let R be a connective EKMM S-algebra and Cu the category of 
finite cell R-modules. Then the canonical cyclotomic maps 

WTHH^{Cr) WTHH{Cr) ^ THH{Cli) ^ THH{R) 

are weak equivalences. Here THH{R) denotes the usual Bokstedt model of THH 
of a particular symmetric ring spectrum (or FSP) equivalent to R. 

The corollary follows by taking the connective class Q to be the singleton set 
containing the one object Sr, the "cell zero sphere i?-module" [TTJ III. 2]. Then 
THH{Q^) coincides with THH of the symmetric ring spectrum 

F = Q^{Sr, Sr) — C^{Sr, Sr). 

Concretely, this has n-th space 

F{n)^CR{SR,SRAS"), 

and multiplication induced by composition. We can identify this as the symmet- 
ric ring spectrum (or "FSP defined on spheres") obtained from the FSP r(— ) = 
Cr{Sr, Sr a -) by restricting to spheres F{n) = F(S'"'). 

Another symmetric ring spectrum derives from the general theory of [21] ; writing 
Ms for the category of S'-modules, this has spaces <i>(n) = Ms{{Sg^Y^\ R) and 
multiplication induced by smash product together with the multiplication on R. 
Experts know how to compare these symmetric ring spectra and therefore their 
THH, TR, and TC spectra. Briefly, noting that Sr = RASs, we construct a third 
symmetric ring spectrum that lies between them. $' has spaces 

$'(n) = Cr{Sr As {Sg' A S^)^^\Sr A 5") 

= MsiiSs^ A S^)^''\Fr{Sr, Sr a S^)) 

and multiplication induced both by smash product (on the {Sg^ A 5^)*^"^ factors) 
and composition (on the Fr{Sr, SrAS^) factors). We have a weak equivalence of 
symmetric ring spectra from F to given by 

F{n) = Cr{Sr, Sr a 5") Cr{Sr As {Sg' A S')^''\Sr A 5") = $'(n) 
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induced by the collapse map Sg^ A S: the mduced map F{n) -> <i>'(n) is 

a weak equivalence of simplicial sets for all n. We have a weak equivalence of 
symmetric ring spectra from $ to $' given by 

'Pin)^MsiiSs')^''\R)^Ms{{Ss'Y''\FRiSR,SR)) 

induced by the unit map R — > Fr{Sr, Sr) (which arises from the extra R action 
on Sr = R a Ss)', again, this is a weak equivalence of simplicial sets for all n. For 
convenience, we state these remarks as a proposition. 

Proposition 9.5. The symmetric ring spectrum in Corollary \9.4\ is weakly equiva- 
lent to the symmetric ring spectrum obtained from the EKMM S- algebra R by 21j. 

For the other half of Theorem l5.14( we need to treat the almost stable case. This 
requires introducing the following subcategories of C associated to a connective class 
Q. 

Notation 9.6. Let C be an almost stable simplicially tensored Waldhausen cate- 
gory and let Q be a connective class. Write Q for the smallest closed Waldhausen 
category of C containing Q. For rt > 0, let S"Q denote the full subcategory of C 
containing all objects weakly equivalent to JT^x for x in Q. Let E~"Q denote the 
full subcategory of C containing all x such that E^cc is in Q. 

We note that the subcategories S" Q are themselves connective classes and closed 
Waldhausen subcategories. 

Proposition 9.7. LetC be an almost stable simplicially tensored Waldhausen cat- 
egory and let Q be a connective class. Then is a connective class and closed 
Waldhausen subcategory for all n ^ Tj. 

Proof. We begin by showing that Q is a connective class; stability hypothesis (ii) 
then shows that 5]"Q is a connective class for all n. Let Qo be the collection of 
objects of C weakly equivalent to finite coproducts of objects in Q, and induc- 
tively let Qn be the collection of objects of C that are weakly equivalent to finite 
coproducts of homotopy pushouts y Ux {x (E> A[l]) Ux z where x,y,z S Qn-i and 
yUx{x® A[l]) Uj; * G Qn-i. If we regard IJ Qn as the full subcategory of C of 
objects in Qn for some n, it is then clear that Q = IJ Qn is the smallest closed 
Waldhausen subcategory of C containing Q. To show that Q is a connective class, 
it suffices to show that for x^y in Q„, C^{x,y) is connective, which we do by in- 
duction. We know that x is weakly equivalent to a finite coproduct of homotopy 
pushouts of objects in Qn-i along maps whose homotopy cofiber is also in Qn-i- 
Looking at the long exact sequence of homotopy groups from the fibration sequence 
in Proposition 12.111 '^e then see that C{x, z) is connective for all z in Qn-i- Using 
the same fact about y and the long exact sequence of homotopy groups from the 
cofibration sequence in Proposition 12 . 1 ll we see that C{x,y) is connective. 

By definition = Q is a closed Waldhausen subcategory and it follows that 
I]"Q is a closed Waldhausen subcategory for n < since suspension preserves 
homotopy pushouts. Let n > and suppose f : x ^ y is a cofibration in C such 
that X, y, and y/x ~ Cf are all in I]"Q. Then we can find x' and y' in Q and weak 
equivalences E"a;' — >■ x and E"2/' y. By stability hypothesis (ii) and the fact 
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that the mapping spaces in C are Kan complexes, we can find a map f : x' — > y' 
such that the diagram 



commutes up to homotopy. Choosing a homotopy, we get a weak equivalence 
CE"/' — > C/. Then yjx is weakly equivalent to YT^CJ and it follows (again 
applying stability hypothesis (ii)) that Cj is in Q. For any map x — >■ z with z in 
S"Q, we can choose a compatible map x' z' (for some z' with I]"z' ~ z) such 
that the pushout w = z Ua; y is weakly equivalent to E" of the homotopy pushout 
w' — z'Ux' {x' ® /!^[l])Uxi y' ■ Since Q is a closed Waldhausen subcategory of C, w' is 
in Q, and it follows that w is in E"Q. This shows that E"Q is a closed Waldhausen 
subcategory of C. □ 

We use the subcategories S"Q to define what it means for a connective class to 
be generating in the almost stable case. For this, we need the following technical 
definitions. 

Definition 9.8. Given a class A of objects of a Waldhausen category C, we say 
that an object a; of C is finitely cellularly built from A if we can find a sequence of 
objects xq, xi, . . . , Xn of C that fit into pushout squares 



where x„ is weakly equivalent to x, xq = *, and for each j, aj is in A, bj is 
contractible (weakly equivalent to *), and aj bj is a cofibration. 

The concept of "finitely cellularly built from" above differs from other notions 
of "built from" in other contexts. Note in particular that an object of A is not 
necessarily finitely cellularly built from A. However, suspensions of objects of A 
are finitely cellularly built from A, for example. 

Definition 9.9. Let C be an almost stable simplicially tensored Waldhausen cat- 
egory and Q a connective class. We say that Q is generating if every object of C is 
finitely cellularly built from IJ I]"Q. 

The following proposition clarifies the relationship between the notions of gen- 
erating given in Definitions 19.21 and 19.91 

Proposition 9.10. Let C be a stable simplicially tensored Waldhausen category 
and Q a connective class. Then Q is generating in the sense of Definition \9.2\ if 
and only if it is generating in the sense of Definition \9.9l 

Proof. Since the triangulated subcategory generated by Q contains IJ 2 (cf- 
the proof of Proposition 19. 7p . one direction is clear. We must show that if Q 
is generating in the sense of Definition 19.21 then it is generating in the sense of 
Definition 19.91 Let Cq = IJ E"Q, and inductively let Cn be the collection of objects 
of C that are weakly equivalent to the homotopy cofiber of a map between objects 
of Cn-i- We note that the C„ are closed under suspension and desuspension and 



X 
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that the objects of Co are finitely cellularly built from Co (since each is equivalent 
to the suspension of an object of Co). Generating in the sense of Definition 19.21 
implies that C = IJ C„, so it suffices to show by induction that all objects of C„ are 
finitely cellularly built from Cq. Given f : x ^ y with x, y in C„_i , we need to show 
that z = C f = y Ux {x ^ A[l]) Ux * IS finitely cellularly built from Cq. Replacing 
z with a weakly equivalent object, we can assume without loss of generality that 
X and y are isomorphic rather than just weakly equivalent to an iterated pushout. 
Then we build z by first building y and then gluing Cbj = [hj (g) A[l]) Ufc. * along 
= hj Ua^ [ttj (g) A[l]) Uq^- * where Oj — ?► bj build x. Since Chj is contractible and 
a'j is weakly equivalent to Sa^, this shows that z is finitely cellularly built from 
Co. □ 

The following theorem now generalizes Theorem 19.31 to the almost stable case. 

Theorem 9.11 (Sphere Theorem). Let C be an almost stable simplicially tensored 
Waldhausen category and assume that C has a generating connective class Q . Then 
the canonical cyclotomic maps are weak equivalences 

WTHH^iC) ^ WTHH{C) ^ THH{C'^) ^ THH{Q'^). 

where denotes the full spectral subcategory of on the objects of Q. 

We now have the other half of Theorem 15.141 as a corollary. 

Corollary 9.12. Let A be a simplicial ring, let Ca be the category of finite cell 
A-modules and let Va be the category of finite cell A-modules built out of finitely 
generated projective A-modules. Then the canonical cyclotomic maps 

WTHH^{Ca) — ^ WTHH{Ca) ^ — THH{Ci) THH(A) 



WTHH^{Va) — ^ WTHH(Va) THH{Vi) 
are weak equivalences. 

The vertical arrows are weak equivalences by [H 4.11] since every object of Va 
or SyiVa is a direct summand of an object of Ca or S'„Ca. We get the top row 
from Theorem 19 . 1 II taking the connective class Q to be the singleton set containing 
the object A^ which is clearly generating. The symmetric spectrum Q^{A,A) = 
C^{A, A) is just the usual symmetric ring spectrum constructed from A. 

We have one last version of the Sphere Theorem, which is closer in spirit to 
Waldhausen's Sphere Theorem for X-theory. It also has the technical advantage of 
being stated purely in terms of the connective enrichments. 

Theorem 9.13 (Sphere Theorem, Alternate Version). Let C be an almost stable 
simplicially tensored Waldhausen category, let Q be a generating connective class, 
and let Q be the smallest closed Waldhausen subcategory of C containing Q. The 
inclusion of Q into C induces a weak equivalence WT H (Q) — ^ WTHH^{C). 

The previous theorem is equivalent to Theorem 19. Ill but to see this, we need 
more information about the categories S,Q implicit in the statement. The following 
proposition has everything we need for the comparison, plus what we need for the 
proofs in the next section. 
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Proposition 9.14. Let C he an almost stable simplicially tensored Waldhausen 
category and let Q he a connective class. Then SnC is an almost stable simplicially 
tensored Waldhausen category, and SnQ is a closed Waldhausen subcategory and a 
connective class; moreover, Sn'S"^Q = YT^SnQ- If Q is generating, then so is SnQ. 

Proof. We saw in ProDOsition l3.3l that S'„C is simplicially tensored; the fact that the 
tensor on SnC is objectwise on the diagram and the formula (I3.2p for the mapping 
spaces of SnC prove that SnC is almost stable. Since Q is a closed Waldhausen 
subcategory of C, SnQ is a closed Waldhausen subcategory of S'„C. Again, the 
formula p.2[) shows that the mapping spectra SnQ^ {A,B) are connective. It is 
clear that Sn'^^Q = S"'5'„Q since both categories are the functor categories whose 
objects are the sequences starting with * of n composable cofibrations in C between 
objects in YT^Q together with choices of quotients which also must be in YT^Q. 

Now assume that Q is generating; it remains to show that SnQ is generating. 
For n = 2, a typical object of S2C is of the form Z = [x > — > y — » z ] for objects 
x,y,z in C. Replacing Z with a weakly equivalent object, we can assume without 
loss of generality that x and y are isomorphic rather than just weakly equivalent 
to an iterated pushout in Definition 19.81 Clearly the objects 

[x = x and [* y^y = y] 

can be finitely cellularly built using pushouts of objects of the same form. We can 
then build 

Z' = [xy^yU^{x(g) A[l]) -^yUa:{x(g> A[l]) U:, * ] 
by first building [ x > — > xUy — » V ] and then using pushouts over maps of the form 

[*y^b.j Ua, (Oj «) A[l]) Ua, = bj Ua, (Oj «) A[l]) Ua, bj ] 

— >[*y^bj(^ A[l] = bj ® A[l] ] 
where Oj — > bj are the cells building x. Similar observations apply for n > 2. □ 

Now Theorems 19.111 and 19.131 are easily seen to be equivalent by looking at the 
following diagram. 

^\THH{S,Q^)\ > Vl\THH{S,C^)\ 



n\THH{S,Q^)\ — ^ n\THH{S,C'^)\ -s-^ THH{C'^) THH{Q^). 

The lefthand vertical map is a weak equivalence since each map Sn Q ^ Sn Q 
is a weak equivalence (and in particular DK-equivalence) of spectral categories by 
Propositions 19.71 and 19 . 1 4l while the bottom horizontal maps are weak equivalences 
by [U 4.12] (for the first and third maps) and Theorem 15. 131 (for the middle map). 
Theorem 19.111 then amounts to the assertion that the righthand vertical map is a 
weak equivalence while Theorem 19.131 is the assertion that the top horizontal map 
is a weak equivalence. 
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10. Proof of the Sphere Theorem 



This section contains the proof of Theorem 19.131 We fix the almost stable sim- 
plicially tensored Waldhausen category C and the generating connective class Q, 
letting Q and be as in Notation 19.61 Just as in Waldhausen's argument f28j 
§1.7] we need to introduce a Waldhausen category of CW complexes built out of 
cells based on Q. 

Definition 10.1. A Q-CW complex is a filtered object X in C 



indexed on the integers, where the arrows Xn — >■ Xn+i are cofibrations for all n and 
such that for some > 0, the following conditions hold: 

(i) Xn = * for n < —N, 

(ii) Xn = Xn+i for n > N , and 

(iii) For all n, the quotient Xn+i/xn is an object in 

We call Xn the underlying object of X in C. Let CWqC denote the category whose 
objects are the Q-CW complexes and whose maps are the maps of the underlying 
objects in C. We say that a Q-CW complex X is connective ii Xn = * for n < 0, and 
denote the full subcategory of connective Q-CW complexes by CWqC[q More 
generally, for / an interval in Z, write CWqCj for the full subcategory of Q-CW 
complexes X with Xn = * whenever n is less than the elements of / and Xn — Xn-\-\ 
whenever n -t- 1 is greater than the elements of /. 

We define the mapping spectra in CWqC^ and CWqC^ as the mapping spectra 
of the underlying objects in and C"^, respectively. For the Waldhausen category 
structure, we use the following definition. 

Definition 10.2. A cellular map of Q-CW complexes X consists of compati- 
ble maps Xn — > Un for all n. A cellular map is a cellular cofibration when each map 
Xn Ux„_i Vn-i — > 2/n is a cofibratiou in C and the induced map Xn/xn-i — > Vn/Vn-i 
is a cofibration in 

An easy check of the definitions then proves the following proposition. 

Proposition 10.3. The category of Q-CW complexes and cellular maps forms a 
Waldhausen category with cofibrations the cellular cofibrations of Definition \10.Si 
and weak equivalences the weak equivalences of the underlying objects in C. For I 
an interval in Z, the subcategory CWqCi forms a Waldhausen subcategory (though 
not closed a closed one). 

Since SnQ is a. connective class, we also have the category of S'nQ-CW complexes 
in SnC. When we restrict to the subcategories of cellular maps, both SniCWqC) 
and CWs„ q»S'„C are subcategories of the category of functors Ar[n] x Z — >• C (where 
the category Z is the ordered set of integers). An easy check of the definitions 
then shows that these categories coincide. More generally, for / an interval in Z, 
the cellular maps in SniCWqCi) and {CWs^QSnC)i are the same subcategory of 
functors Ar[n] xl ^ C. Expanding to all maps in SniCWgC) and CWs^qSuC, and 
looking at the cofibrations and weak equivalences, we get the following proposition. 

Proposition 10.4. The Waldhausen categories SniCWqC) and CWs^qSuC are 
canonically isomorphic. For any interval I in "L, the Waldhausen categories 
SniCWqCi) and {CWs^QSnC)i are canonically isomorphic. 
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Because we need to restrict to cellular maps to obtain a Waldhausen category, 
the category CWqC does not fit into our usual framework of simplicially enriched 
Waldhausen categories (as the familiar example of CW complexes in spaces demon- 
strates). Instead, thinking of Q-CW complexes as objects of C with extra structure, 
we assign mapping spectra by looking at the underlying objects. We use the fol- 
lowing notation. 

Notation 10.5. Let Sn{CWQCY denote the spectral category whose objects are 
the objects of SniCWqC) and whose mapping spectra are the mapping spectra of 
the underlying objects in SnC^ ■ For / an interval in Z, we define SniCWqCiY 
analogously. 

As an alternate take on this notation, we note that under the canonical isomor- 
phism of Proposition 110. 4[ we get the identification of spectral categories 

Sr^iCWqCif = {CWs,^QSr,Cif 

As a first reduction of Theorem 19. 131 we have the following observation. In it, the 
"forgetful functor" is the functor that takes a S'nQ-CW complex to its underlying 
object of SnC. 

Proposition 10.6. For any n, the forgetful functor SniCWgC)^ SnC^ is a 
DK-equivalence. 

Proof. Using the identification of Sn{CWQC) as CWs^qSuC, it suffices to show 
that for the arbitrary almost stable simplicially tensored Waldhausen category C 
and generating connective class Q the forgetful functor CWqC^ is a, DK- 

equivalence. By definition of the mapping spectra, it is a DK-embedding, and so 
we just need to show that every object of C is weakly equivalent to the underlying 
object of a Q-CW complex. Since Q is generating, and * is the underlying object of 
a Q-CW complex, it suffices to show that if y is the underlying object of a Q-CW 
complex Y, then x — y Ua b is weakly equivalent to the underlying object of a 
Q-CW whenever a is in E"Q, b is contractible, and a — 6 is a cofibration. Using 
the cofibration sequence of Proposition 12.111 and stability hypothesis (ii) , we see 
that we have homotopy fibration sequences 

C{a,ym) — > C{a,ym+i) — > C{a,y,n+i/ym) 

for all TO. Since ym+i/Um is in I]™+^Q, for m > nwe have that 7roC(a, ym+i/Vm) = 
and every map from a to ym+i fifts up to homotopy to a map a ym- Thus, the 
map a y lifts up to homotopy to a map a — >■ j/„. Let X be the Q-CW complex 

X = {■■ ■ — > yn-i — > yn Ua b > yn+1 Ua b — > • ■ • ), 

Then the underlying object of X is weakly equivalent to x. □ 
It follows from Proposition 110. 61 that the map 

THH{S,,{CWQCf) THH{SnC^) 

is a weak equivalence. The next step is to compare the subcategory of connective 
objects. The cone and suspension functor on C extend to cone and suspension 
functors of Q-CW complexes in the usual way: for a Q-CW complex X, let CX 
be the Q-CW complex with rt-th object x„ Ux„_-i C'xn-i- The inclusion of X in 
CX is a cellular cofibration and 'SX is its quotient. The Additivity Theorem and 
CoroUarv 16.21 generafize to the context of THH{S,{CWqC)^) to show that the 
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self-map of \THH{Sm{CWQC)^)\ induced by C coincides (in the stable category) 
with the sum of the identity and the map induced by S. Since C induces the trivial 
map, it follows that E induces the map — id, and in particular is a weak equivalence. 
The analogous observations apply to C[o.oo)j showing that suspension induces a weak 
equivalence on \THH{S,iCWQC)^)\ and on |Ti7i7(S'.(CM^QC[o,oo))^)|- Taking the 
homotopy colimit of the maps induced by suspension, we see that the inclusions 

\THH{S,{CWQCf)\ — ^ hocolims \THH{S.{CWQCf)\ 

\THHiS,iCWQqo,oo)f)\ hocohms \THHiS,iCWQqo,oo)f)\ 

are weak equivalences. We use this observation in the proof of the following propo- 
sition. 

Proposition 10.7. The inclusion 

\THH{S,{CWQqo^^)f)\ \THHiS,(CWQCf)\ 

is a weak equivalence. 

Proof. By the preceding observations, it suffices to prove that the map 

hocolim^THH{Sn{CWQC[o^^)f ) ^ hocolim^TH H{Sn{CWQCf ) 

is a weak equivalence for each n. Again using the fact that C and Q are arbitrary, it 
suffices to consider the case n — 1. Let CWqC^ be the spectrally enriched category 
where an object is an ordered pair (X, m) where X is a Q-CW complex and m is 
a non-negative integer; for mapping spectra, we let 

CWgC^iiX, m), {Y, n)) = colim C^{J:''-"'X, J:''-"Y). 

fc>max(m,n) 

(Composition is induced levelwise in the colimit system after taking k large enough.) 
Let CWqC[o^oc3) be the full subcategory of CWqC^ consisting of the objects {X, m) 
with X connective. Opening up the construction of THH, it is straightforward to 
construct canonical maps 

hocolim^T HH{CWqC^) — yTHH{CW^C^) 

and check that they are weak equivalences. The inclusion of CWqCJ^ in CWqC^ 
is a DK-equivalence, and so also induces a weak equivalence on THH . □ 

The previous two propositions show that the map 

\THH{S,{CWQqo.^)f )\ \THH{S.C^)\ 

is a weak equivalence, reducing the proof of Theorem l9.13l to showing that the map 
\THH{S,Q^)\ \THH{S,{CWQC[o,oo)f )\ 

is a weak equivalence. This is an easy consequence of the following lemma. 

Lemma 10.8. For every n > 1, the inclusion o/CVFgCfo.n-i] in CT4^qC[o,„] induces 
a weak equivalence 

\THH{S.{CWQqo,n-i]f)\ \THH{S,{CWQqo,,,]f)\. 
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Proof of Theorem \9.13\ from Lemma \l0.8[ The lemma implies that the maps in the 
homotopy colimit system 

hocolim„ \THH{S, (CM^qC[o,„] )^) | 

are all weak equivalences. By inspection we see that the canonical map from the 
homotopy colimit to \T H H {St{CWQC[Q^ao)Y)\ is a weak equivalence. It follows 
that the map 

\THH{S,Q^)\ = \THH{S,iCWQC[o,o]f)\ \THH{S,{CWQCf)\ 

is a weak equivalence. Composing with the weak equivalence 

\THH{S,{CWQCf)\ \THH{S,C^)\ 

above and applying f2, we see that the map WTHH^\Q) -> WTHH^{C) is a weak 
equivalence. □ 

The remainder of the section is devoted to the proof of Lemma 110.81 The argu- 
ment is somewhat roundabout, requiring the introduction of the spectral categories 
Sk{CWQC\Q^n\)^ , defined analogously to Sk{CWQC[Q^n\f in Notation 110.51 but us- 
ing the non-connective enrichment. The proof of Proposition 110.61 equally well 
shows that the forgetful functor Sk{CWQC)^ — > SkC^ is a DK-equivalence. These 
non-connective enrichments are easier to understand because Proposition 12.111 im- 
plies that when we DK-embed SkC^ in a pretriangulated spectral category, the 
DK-embedding takes cofiber sequences to distinguished triangles in the derived 
category. As a consequence, [H 4.12] tells us that the maps 

THH{SkQ^)^THH{Sk{CWQC^^^.n-i]f)^THH{Sk{CWQC^^^r.]?) 

are weak equivalences. Looking at the diagram 

\THH{S,{CWQe^o.n-i]Y)\ > \THH{S,{CWQC^^^r.]Y)\ 



|ri/H(5.(CW^QC[o,„_i])^)| \THH{S.{CWqC^^,,^S)\, 

we assume by induction on n that the lefthand map is a weak equivalence, the base 
case being the already known case of S'.CM/qCjq^o] = S,Q. We then prove that 
the top map is a weak equivalence by showing that the righthand map is a weak 
equivalence. 

To save space and eliminate unnecessary symbols, we will now write for 
Sk{CWQC\fj^n]) or equivalently, CWs^QS'feC[o,„], and CF^ and CS^ for the connec- 
tive and non-connective spectral enrichments, respectively. Let SV^ denote the 
simplicial spectral category where the objects of f are the objects of and for 
objects X and y, the mapping spectrum is the fiber product 

We have a canonical simplicial spectral functor fF^' CT"^ sending X in EV^ to 
X viewed as an object of CFJJ and using projection on the mapping spectra. We 
also have canonical simplicial spectral functors 

f f;' CF^-i and ET'^ S'.E"Q^ 

sending X to its (n— l)-skeleton Xn-i and to Xn/xn-i, respectively, and performing 
the corresponding maps on mapping spectra. Using these maps, we can identify 
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£T^^ as the spectral category of extension sequences [ > — > X — * Xn/xn-i ] in 
C2- Although the categories CF^' and i^F" do not exactly fit into the framework of 
Section [51 McCarthy's argument for the Additivity Theorem works quite generally 
and formally essentially using little more than the fact that the mapping spectra 
are functorial in the maps in S, ; the Additivity Theorem generalizes to the current 
context, and the argument following Corollary 16.21 shows that the maps described 
above induce a weak equivalence 

\THH{£T'^)\ ^ \THH{CT'^-^)\ x \THHiS,^''Q^)\. 

We have an analogous simplicial spectral category £S^^ with the analogous weak 
equivalence. The induction hypothesis and the weak equivalences above then imply 
the following proposition. 

Proposition 10.9. The functor £T^ — >■ £S^^ induces a weak equivalence 

\THH{£r^)\ ^ \THH{£S:^)\. 

Let (C^)™ denote the objects of C^' that are weakly equivalent to the zero object *, 
and write (CF^)'", (CSJ^)"-', i£T'^)"' , (£5'^)'" for the various spectral enrichments on 
this category, the full spectral subcategories of CFjJ, CS"^, £F)J, £S^, respectively. 
The mapping spectra in (CFJ!)™ and (CS'[?)'" are all weakly contractible so THH 
is also weakly contractible, 

THH{{CTl)'"') ~ THH{{CS'^)'") ~ *. 

For the £ categories, we have the following proposition. 

Proposition 10.10. The canonical spectral functor (fF^')"" -> {£S^^Y" is a DK- 
equivalence. 

Proof. Since the categories have the same object set, it suffices to show that the 
map is a DK-embedding, and for this it suffices to show that the mapping spectra 
in {£SJ^)'^ are connective. We note that for X in (CJ!)'^' , stability hypothesis (ii) 
implies that Xn~i is an object of S'fcS"~^Q since Xn is contractible and Xn/xn-i is 
an object of Sk'^^'Q. Now given X and Y in (C^)™, the projection map 

£S'^{X,Y) = S'fcC"^(x„„i,y„__i) XSkCS{x„-i,y„) SkC^ {Xn.Vn) > SkC^{Xn-l,yn~l) 

is a weak equivalence. In particular, £S'^{X,Y) is connective. □ 

We denote by CTHH{CV^, w) the homotopy cofibcr of the inclusion 

THH{{Cr^)'") — > THH{CTl), 

and analogously for CTHH{CS'^,w), CTHH{£Tl,w), and CTHH{£S^,w). In 
this notation, the two previous propositions then imply the following proposition. 

Proposition 10.11. The map \CT H H {£T'^ , w)\ \CT H H {£ , w)\ is a weak 
equivalence. 

Since the inclusions 

THH{CTl) — > CTHH{CTl,w) 
THHiCSl) — > CTHH{CSl,w) 

are weak equivalences, the following lemma when combined with the previous 
proposition then completes the proof of Lemma flO.81 
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Lemma 10.12. For all k, the maps 

CTHH{£Tl,w) CTHH{Cri,w) 

CTHH{£Sl,w) CTHH{CSl,w) 

are weak equivalences. 

We prove the case for the connective enrichment in detail, the case for the non- 
connective enrichment being similar (but slightly easier). The statement is analo- 
gous to the Localization Theorem 6.1 of |4j except for the fact that the subcategories 
above are not pretriangulated. The proof goes roughly along the same lines as well, 
using the technology of THH with coefficients and the Dennis- Waldhausen Morita 
Argument of Section 5 of ; to keep this paper a reasonable length, we do not re- 
view this theory, but instead assume the reader is familiar with the ideas, notation, 
and terminology of Sections 5 and 6 of [4]. 

Define the f F^'-bimodule Cg and CF^-bimodule Lq by 

Ce{X, Y) = TB{ETl{-, Y); {ST^.r ; STUX , -)) 

Cc{X, Y) - TB{CTl{-,Y); (CFI!)-; Cr^(X, -)). 

We then have maps of f F^- and CFjJ-bimodules 

Ce £Tl and Cc CF^; 

we let TWg and M.c be the homotopy cofibers. Then as in [H 6.4], the Dennis- 
Waldhausen Morita Argument gives us weak equivalences 

THH{£Tl; Ce) ~ THH{{£rlD THH{£rl; Me) ~ CTHH{£Tl, w) 
THH{CTl- Cc) ^ THHiiCTl)"") THH{CVl- Mc) ^ CTHH[CTl, w), 

and we can identify the map in Lemma 110.121 as the map 

(10.13) THH{£Tl; Ms) THH{CT^; Mc). 

As the mapping spectra in (CF^)"" are weakly contractible, the spectra Cc{X, Y) 
are weakly contractible for all X, Y, and it follows that the map of CF^-bimodules 
CFJ! — i> Mc is a weak equivalence. We next move towards understanding the 
f FjJ-bimodules Cg. We write u for the canonical functor £r^ CT and also 
its restriction (fFjJ)™ — > (CF)™. We then have a commutative diagram of fFJ!- 
bimodules 

Cs > u*Cc 

>u*cr^, 

Letting T be the homotopy puUback of the deleted diagram 

£ri -^u*cri ^ u*Cc, 

we get a map of ^FjJ-bimodules Ce — > J-. 

Proposition 10.14. The map of £T^-bimodules Ce ^ J' is a weak equivalence. 

Proof. Fix X and Y objects in £F]J; we need to show that the map Ce{X^Y) 
J^{X, Y) is a weak equivalence. Consider the cofibration sequence 

J/n-l > Vn > Vn/Vn-l > ^Vn-l 
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obtained using a homotopy inverse weak equivalence to the collapse weak equiva- 
lence Un Uy„_i Cyn-i Vnlv-a-i- By definition, yn/yn~i is in S'fcE"Q, and since 
n > \, there exists an object p in Sk^'^~^Q such that is weakly equivalent to 
yn/Vn-i- Then applying stability hypothesis (ii), we obtain from the cofibration 
sequence above a (homotopy class of) map p j/n-i and a null homotopy Cp — >■ ?/„ 
such that the induced map — >■ yn/Un-i is homotopic to the chosen weak equiv- 
alence. Regarding Cp as an object of f^, it is an object of (f^)™ and we have 
constructed a cellular map Cp — > Y . Consider the following commutative square. 

Ce{X,Y)*^^Ce{X,Cp) 



T{X,Y)^^T{X,Cp) 

We complete the proof by arguing that the maps a, 6, and c are weak equivalences. 

To analyze the map a, consider an object Z in {£T^)^ . Since z„ is weakly equiv- 
alent to * in C, £r2{Z,Y) is weakly equivalent to the homotopy fiber of the map 
SkC^ {zn-i, J/n-i) to SkC^ {zn-i,yn)- We Can use the cofibration sequence of Propo- 
sition l^TTTl to understand this homotopy fiber: We have that SkC^ {zn-i,yn/yn-i) is 
connected since z„_i is an object of S'fcS"~^Q and yn/Vn-i is an object of 5'fcS"Q. 
It follows that f r^(Z, Y) is weakly equivalent to ^SkC^ {zn-iTyn/yn-i)- The same 
observations apply to Cp. Since by construction the map T,p = Cp/p — ?> yn/yn-i is 
a weak equivalence, we see by naturality that the map £r^{Z, Cp) £T^{Z, Y) is 
a weak equivalence. Since this holds for any Z in (f rjj)™, unwinding the definition 
of Cg^ we see that a is a weak equivalence. 

For the map 6, we note that F{X, Y) being the homotopy fiber of the map 
£T^{X,Y) to CT{X,Y) = SkC^{xn,yn), it is naturally weakly equivalent to the 
homotopy fiber of the map SkC^ {xn-i,yn-i) to Sk.C^ {xn-i,yn)- As in the previ- 
ous case, we can identify this as VtSkC^ {xn-i,yn/yn~i) since SkC^ {xn~i,yn/yn^i) 
is connected (which can be proved by induction up the skeletal filtration of X us- 
ing Proposition I2.1l( ). Again, since the map — Cp/p — ?> yn/yn-i is a weak 
equivalence, we see that 6 is a weak equivalence . 

For the map c, since Cp is in (f P^)™, the Two-Sided Bar Lemma j4l 5.3] implies 
that the natural map C£{X, Cp) —> £P^(X, Cp) is a weak equivalence. Since Cp is 
weakly equivalent to * in C, CT{X, Cp) is weakly contractible and we see that b is 
a weak equivalence. □ 

The previous proposition lets us understand Mg. 

Proposition 10.15. The map of £T^^-bimodules Mg — >■ u*Mc is a weak equiva- 
lence. 

Proof. Since homotopy fiber squares in spectra are homotopy cocartesian, the 
canonical map from the homotopy cofiber of J-" fPjJ to the homotopy cofiber 
of u*Cc — > ■ti*Cr}J is a weak equivalence. □ 

We now return to the map (110. 13p . We see from the previous proposition that 
we are in the situation where Proposition 5.6 of [4] applies. According to this 
proposition, to see that the map 



THH{£Tl-M£) -^THH{CTl-Mc) 
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is a weak equivalence, we just need to check that the map 

TBiCm-, Y)-£Vl-Mc{X, -)) CVl{X, Y) 

is a weak equivalence for all X, y in CF^, or equivalently in this case, for all X, y 
in ET"^- Since the Two-Sided Bar Lemma i4, 5.3] shows that the map 

TB{Cn{-,Y)-£Vl-Sn{X, -)) CVl{X,Y) 

is a weak equivalence and AAc{X,—) ~ A^£(X, — ) is the homotopy cofiber of 
Ce{X, -) £Tl{X, -), it sufhces to show that 

g{X, Y) = TB{CTl{-,Y); f F^; Ce{X, -)) 

is weakly contractiblc. But we have 

g{X,Y)^TB{CTl{~,Y)-£Tl-TB{£Tl{-,-)-{£Tir;£Tl{X,^))) 

^ TB{IZTI{-, y); {£Tir;£Tl{X, -)). 

Since CTl{Z, Y) is weakly contractiblc for any Z in {ETl)"" , it follows that g{X, Y) 
is weakly contractiblc. This completes the proof that (|10.13p is a weak equiva- 
lence and hence the proof of Lemma 110.121 which in turn completes the proof of 
Lemma 110.81 

Part 3. The localization sequence for THH{ku) 

11. The LOCALIZATION SEQUENCE FOR THH{ku) 

The work in this paper is motivated in large part by the need to develop suitable 
machinery to prove the following localization theorem, conjectured by Hesselholt 
and Ausoni- Rogues [21 [TJ [2] . This generalizes work of Hesselholt and Madsen at 
chromatic level [13]. 

Theorem 11.1. The transfer maps and the canonical maps fit into co fiber se- 
quences of cyclotomic spectra 

THH{z;) THH{e;) wTHH^{e;\L;) ^ j:thh{z;) 

riJiJ(Z(p)) — > THH{t) — > WTHH^{e\L) — > T.THH{Z^p)) 
THH{Z) — > THH{ku) — > WTHH^{ku\KU) — > T.THH{Z) 
inducing cofiber sequences 

TC{z;) TC{£;) WTC^{e;\L;) ^tc{z;) 

TC(Z(p)) TC{e) WTC^{£\L) SrC(Z(p)) 

TC{Z) — > TC{ku) — > WTC^{ku\KU) — > ETC(Z) 

which are compatible via the cyclotomic trace with the corresponding cofiber se- 
quences in algebraic K -theory constructed in [5]. 

Here WTHH^{ku\KU) denotes the connective THH of the category of finite 
cell fcu-modules with the spectral enrichment induced by the canonical mapping 
spaces in ku but weak equivalences the if [/-equivalences. That is, 

WTHH^{ku\KU) = WTHH^{Cku\v) = n\THH{v^' S,Clu)\, 

where Cku is the category of finite cell EKMM fcu- modules (as in Example ll.5l (i)) 
and vCku is the collection of maps M N such that M Aku KU N Aku KU is an 
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equivalence, or equivalently, those maps that induce an isomorphism on homotopy 
groups after inverting the action of the Bott element. 

The proof of this theorem follows the same general outline as the proof of the 
corresponding result in algebraic A'-theory [5]. In particular, the localization theo- 
rem follows from a "devissage" theorem for finitely generated finite stage Postnikov 
towers. We now give the definitions necessary to state this theorem. Throughout, 
we work with EKMM S'-algebras and S'-modules. 

For an S'-algebra R, let Vr denote the full subcategory of left i?-modules that 
are of the homotopy type of cell i?-modules and have only finitely many non- 
zero homotopy groups, all of which are finitely generated over ttqR- We give Vr 
the structure of a simplicially tensored Waldhausen category as follows. For the 
simplicial structure, we use the usual simplicial enrichment obtained by regarding 
the category of i?-modules as a simplicial model category. For the Waldhausen 
category structure, we take the weak equivalences to be the usual weak equivalences 
and the cofibrations to be the Hurewicz cofibrations, i.e., the maps satisfying the 
homotopy extension property in the category of _R-modules. As we described in [5j 
§1], this gives Vr the structure of a Waldhausen category, and the pushout-product 
axiom on the tensors follows from [IH X.2.3]. (Techniques to make a version of Vr 
that is a small category are discussed in [SJ 1.7].) 

Restricting to the subcategory of the category of S'-algebras with morphisms 
the maps i? — > i?' for which ttqR' is finitely generated as a left 7roi?-module, we 
can regard WTHH^{V{^-)) as a contravariant functor to the homotopy category of 
cyclotomic spectra. We can now state the Devissage Theorem. 

Theorem 11.2 (Devissage Theorem). Let R be a connective S-algebra with ttqR 
left Noetherian. Then there is a natural isomorphism in the homotopy category of 
cyclotomic spectra THH{£^^j^) WTHH^{Vr), where S^^r denotes the exact 
category of finitely generated left -K^R-modules. Moreover, this isomorphism and 
the induced isomorphism (in the stable category) on TC are compatible via the cy- 
clotomic trace with the analogous isomorphism (in the stable category) on algebraic 
K -theory K'{'KqR) K' [K) in the Devissage Theorem of [5j. 

We prove Theorem 111.21 in the next section and use the rest of this section to 
prove Theorem 111.11 from Theorem 111.21 Let R be one of ku, I, or t^, and let /3 
denote the appropriate Bott element in 7r*i? in degree 2 or 2p — 2. Then 
is KU, L, or respectively. For convenience, let Z denote ttqR; so Z = Z, 
Z(p-), or Zp in the respective cases. As above we write Ca for the simplicially 
tensored Waldhausen category of finite cell A-modules (where A — HZ, R, or 
i?[/3~^]). On Cr we have the additional weak equivalences vCr, the maps that 
induce an isomorphism on homotopy groups after inverting the action of the Bott 
element. Since vCr^ contains the usual weak equivalences wCr, the hypothesis of 
the Localization Theorem (Theorem l8.ll) applies and we get a cofibration sequence 
of cyclotomic spectra 

WTHH^{C"p.) — > WTHH^{Cr) — > WTHH^{Cr\v) — > Y^WTHH^iC]^), 

compatible with the analogous sequence in X-theory via the cyclotomic trace. 
Corollary [m identifies WTHH^{Cr) with THH{R), compatibly with the cy- 
clotomic trace. The inclusion of the w-acyclics into the simplicially tensored 
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Waldhausen category Vr described above is a tensored exact functor and a DK- 
equivalence. Thus, Theorem 111.21 identifies as THH{Z), compatibly with the 
identification of ivr(C]^) with K{HZ). 

This completes most of the proof of Theorem 111.11 it just remains to identify 
the map 

THH{Z) ~ WTHH'^{CI) — > WTHH^{Cr) ~ THH{R) 

in terms of the transfer map THH{HZ) THH{R). First, we review this trans- 
fer map. In our current context with R = fcu, i?, or £p, the Eilenberg-Mac Lane 
i?-module HZ is weakly equivalent to a finite cell i?-module. If we choose a model 
for HZ as a cofibrant associative i?-algebra, then finite cell iJZ-modules are cell 
i?-modules and homotopy equivalent to finite cell i?-modules. Let A^^ be the sim- 
plicially tensored Waldhausen category whose objects are the i?-modules that are 
homotopy equivalent to finite cell i?-modules with the usual simplicial sets of maps, 
with the usual weak equivalences, and with cofibrations the Hurewicz cofibrations 
(using the technique of [5j 1.7] to make a version that is a small category). Then Vr 
is a closed Waldhausen subcategory of A^^; moreover, the inclusion of Cr in is 
tensored exact and a DK-equivalence, and so induces an equivalence on all versions 
of THH . We also have the analogous category A^lf^ for HZ, which coincides with 
Vhz- The forgetful functor from iJZ- modules to i?- modules is a tensored exact 
functor M%z ^ ^r- The transfer map THH{HZ) THH{R) is by definition 
the map 

T§z ■■ THH{HZ) — > THH{M%,) THH{R), 

induced by the inclusion of Shz h^ -^r ^^id the induced map of endomorphism 
spectra 

Chz{Shz,Shz) — iM.Hz)^ i^HZ, Shz) — > {-Mr)^' {Shz, Shz)- 

(We understand THH of the EKMM S'-algebra HZ as THH of the symmetric ring 
spectrum Cfj^iSnz, Shz)] cf. CoroUarv l9.4l and the remarks that follow it.) 
Since the transfer map coincides with the map 

THH(HZ) ^ THH{Mhz) — > THH{Mr) ^ THH{R), 

applying Corollary 19.41 and naturality, we can also identify it as the map 

THH{HZ) ~ WTHH^{Mhz) — > WTHH^iM'ji) ~ THH{R). 

Using the naturality of the isomorphism in Theorem II 1.21 we obtain the following 
commutative diagram of maps in the homotopy category of cyclotomic spectra. 

THH{Z) WTHH^{Vhz) WTHH^{M%z) THH{HZ) 



THH{Z) WTHH^(Vr) 



WTHH^{Cl) > WTHH^{Cr) 

It will be obvious from the proof of Theorem 111.21 in the next section that the 
isomorphism THH{Z) ~ THH{HZ) in the top row of the diagram is the standard 



> WTHH^iM'ji) THH{R) 
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one, and this identifies the map THH{Z) — s> THH{R) as the transfer map. This 
completes the proof of Theorem 111.11 

12. Proof of the Devissage Theorem 

This section is devoted to the proof of the Devissage Theorem, Theorem 111.21 
The argument paraUels the analogous devissage theorem in [5], which we review 
along the way. 

We fix the connective S'-algebra R, writing V for Vr . Let "P^ denote the full 
subcategory of V consisting of those i?-modules whose homotopy groups tt^ are 
zero for q > n or q < m. In this notation, we permit m = — oo and/or n = oo, so 
-p _ V?°^. The categories are closed Waldhausen subcategories of Vr. The 
following theorem proved below parallels [5, 1.2]. 

Theorem 12.1. The inclusion Vq — > V induces a weak equivalence 

WTHH^{P°) — > WTHH^iV). 

The point of the previous theorem is that ttq provides an exact functor from 
Vq to the exact category of finitely generated left 7roi?-modules £^^. Theorem 1.3 
of [5] proves that this functor induces a weak equivalence of if-theory. Since the 
simplicial mapping sets for Sj^^ are discrete, ttq is also a simplicially enriched functor 
Vq Sj^. It is in fact a DK-equivalence and induces a DK-equivalence SuVq — ^ 
Sn^R for all n. This proves the following theorem, which parallels 1.3]. 

Theorem 12.2. The functor ttq : Vq Sj/ induces a weak equivalence 

WTHH^iV^) — > WTHH^{8ll) = THH{£{f). 

Theorem 111.21 is an immediate consequence of the previous two theorems, with 
the natural isomorphism coming from the natural zigzag of weak equivalences of 
cyclotomic spectra 

THH{E{{>) = WTHH^{S{^) < — WTHH^iV^) — y WTHH^{V). 

Thus, it remains to prove Theorem 1 12. II 

The proof of Theorem 112.11 follows the same outline as the parallel theorem O 
1.2]. As in the argument there, we have the following two easy observations. 

Proposition 12.3. The inclusion V^ — > V induces an equivalence 

WTHH^iV^) — > WTHH^iV). 

Proposition 12.4. The cyclotomic spectrum WTHH^ (V^) is weakly equivalent 
to the telescope of the sequence of maps 

WTHH^iV^) — > > WTHH^{Vq) — > WTHH^{Vq+^) — > ■■■ . 

As in [5], the proof of Theorem 112.11 will then be completed by showing that the 
maps 

WTHH^{Vq) — > WTHH^{Vq+^) 
are weak equivalences for all n > 0. Applying Proposition 17.61 and Theorem 17.21 
this is equivalent to proving the following lemma. 

Lemma 12.5. WTHH^{VS ^ Vq^^) ~ n\\THH{S,F,{VQ+\VSf)\\ is weakly 
contractible. 
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In [5] the proof of the paraUel (unnumbered) lemma consisted of several steps, 
each of which compared (multi)simplicial sets; the following diagram outlines the 
comparisons as stated there. 



n+1 



■■> u,M,Z 




n+1 



n+1 




II F^ -p"+^ 



n+1 



We review these constructions as needed below. Here the solid arrows are simplicial 
maps of diagonal simplicial sets and the dotted arrows are maps that are simplicial 
only in one of the simplicial directions. We correct a minor error in |5' below. There 
we claimed that the dotted arrow in the top row was a map of bisimplicial sets; it 
is not. The diagram for the corrected argument looks like this; it commutes up to 
simplicial homotopy. 



w,S,F,{Vl 




n+\ 



i,SfM,Z< u,M,Z 



II F^ -p"+l ^ p/ -pn+l 



In the current context of THH, the line of reasoning and the diagram simplifies 
slightly; we use the following diagram of spectrally enriched functors, which com- 
mutes up to natural isomorphism. 



is,F,{vr\K)r ■ 

(12.6) 



{UqMpZy 



(K^/-i) 



A^-pn+l^^ 



{{u,Fl_,rvitlY 



All of the spectral categories fit into simplicial spectral categories (in the q direc- 
tion) and the ones on the top row fit into bisimplicial spectral categories (in p, q) . 
The solid arrows are the spectrally enriched functors that respect the bisimplicial 
structure; the dotted arrows respect the simplicial structure in the q direction. The 
arrows marked "~" are DK-equivalences, as shown in Propositions ll2.8l 112.91 [T2. 131 
and 112.161 The goal is to show that the composite functor (5pi^,(Pj+\ P^))^ -+ 
{uqS^ MpZY induces a weak equivalence 

\\THH{{S,F,{V'^+\V^)f)\\ \\THH{{u,SfM,Zf)\\ ^ \\THH{{u,M,Zf)\\ 

and then prove Lemma [12.51 bv showing that \\THH{{u,M,ZY)\\ is contractible 
fProposition ll2.12|) . 

We now begin to review the categories and maps in diagram (|12.6p . We use the 
following notation. 

Definition 12.7. Let uV denote the subcategory of V consisting of those maps 
that induce an isomorphism on 7r„+i and an injection on 7r„. Let fV denote the 
subcategory of V consisting of those maps that induce an epimorphism on ttq. 

We write u^V for the nerve categories: An object of UqV is a sequence of q 
composable maps in uV and a map in UqV is a commuting diagram (of maps in V). 
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For consistency with ^5., 3.7], we let F^V denote the nerve category fpV: An object 
is a sequence of p composable maps in fV and a map is a commuting diagram 
(of maps in V). We extend the definition of u, in the obvious way to functor 
categories: In diagram (|12.6p . the category UqSpVQ^^ has as objects the sequences 
of q-composable maps 



Ao 



Ar. 



between objects Ai in SpV^'^^ where each ai is (objectwise) in uVq'^^; a map from 
{ui} to {a-} consists of a map 4>i'- Ai — A[ in S'^Vq^^ for each i, making the 
diagram 




in S'p'Pq^'^ commute. We define the categories UqF^_^V^-^^ and UqF^_^'P'^^l anal- 
ogously in terms of composable maps and diagrams in Fj-^_^Vq'^^ and Fp_^V^^l. 
We obtain the spectrally enriched categories ((uqS'P^^T'o +^)^, (("g-P'/-i)*^'Po ^^)^, 
and {{uqFp_-^^)^'^Vll^l)^ using the Moore Tot mapping spaces (Construction 14. 4| ) 
and the connective spectral enrichment. The usual face and degeneracy maps in 
the nerve construction makes {{u,S',)^^Vq~^^)^ into a bisimplicial spectral cate- 
gory and make ((u,F^_^)^P^-^^)^ and ((u.F/.J^^P^+i^)^ into simphcial spectral 
categories for each p > 0. 

Next we review the canonical inclusion 



Fq{vr\r-, 



n+l 



We recall that an object of FqCPg^^ ,V'q ) consists of a sequence of q composable 



cofibrations in Vq~^^ 



xq y-)- xi y-^ ■ ■ ■ y-)- Xq 



such that each quotient Xi^i/xi is in V^^^. We note that for a cofibration j : a ^ b 
in V between objects of Vq~^^, the quotient b/a is in Vq'^^ if and only if j induces 
an isomorphism on 7r„+i and an injection on 7r„, that is, if and only if j is in uP. 
It follows that FqCPQ^^ jVq) is the full subcategory of UqVQ^^ consisting of those 
objects whose structure maps are cofibrations. We then obtain the functors 



SpFqiv^+\rs) 



as the corresponding inclusions of full subcategories. When we look at mapping 
spaces and use the Moore enrichment, we obtain a DK-embedding 

This map is a DK-equivalence since the usual cylinder argument replacing a map 
with a cofibration converts any diagram in UqS'pV^'^^ to a weakly equivalent dia- 
gram in SpFq{T'Q^^ ,Vq). Passing to the connective spectral enrichments, we obtain 
the following proposition. 

Proposition 12.8. The spectrally enriched functor 
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is a DK- equivalence. 

Next we review the functor S'pP^+^ F^_^'Pq +^ of [SJ 3.8]. First note that 
for an object A — {aij} in S'^Pq^ , the map a^^p — >■ aj^p is the cofiber of the map 
J- ai,p and so we have a long exact sequence of homotopy groups 

> TTn+ia^j > ■ ■ ■ > TToa^j > TToflj^p > VToflj^p > 0. 

In particular, the map ai^p — > aj^p is surjective on tto, that is, is a map in fV^^^ . We 
therefore obtain a functor S'ppQ^^ -S' by sending each object of S'p'P^'^^ 

to the object of Fp_{Pj^^^ defined by the sequence 

flO.p ^ 0,2,p ^ ■ ■ ■ ^ 1p-l,p- 

In fact we have the following proposition. 
Proposition 12.9. The spectrally enriched functor 

is a DK-equivalence. 

Proof. Although S'pP^^^ is defined in terms of homotopy cocartesian squares, it 
could equally well be defined in terms of homotopy cartesian squares since for 
EKMM _R-modules a square is homotopy cartesian if and only if it is homotopy 
cocartesian. The description of the mapping space of SpV in (13.21) has an analogue 
in this context: The canonical map from S'p^V to the iterated homotopy pullback 

is a weak equivalence. This extends to {uqSp)'^^'P and from this it is easy to deduce 
that we have a DK-embedding. It is a DK-equivalence because every object of 
UqFp_-^V^~^^ is weakly equivalent to the image of an object in UqSpVQ~^^ , filling out 
the diagram by taking homotopy fibers. □ 

The inclusion of Pn+i ^ subcategory of Vq'^^ induces a spectrally enriched 
functor {{ugF^_^y^V":llf {{uqF^_^y^Vo^^f, which assembles to a simplicial 
spectrally enriched functor in the q direction. Although not a DK-equivalence at 
any level, the simplicial spectrally enriched functor does induce a weak equivalence 
on THH. 

Proposition 12.10. The inclusion {{u,F^_^)^^V'^+lf in- 
duces a weak equivalence 

\THH{{{u,Fl_,f'V:tlf)\ ^ \THH{{{u,Ff_,f'vr'f)\. 

Proof. Consider the bisimplicial spectral category V,^ defined as follows: in bidegree 
r, s, Vjfg is the full spectral subcategory of {{ur+s+iFp^-YY^V'^'^^Y '^ith objects the 
sequences of sequences of the form 

flo — > ■ ■ ■ — > Or — > bo — > ■ ■ - bs 

such that the objects are in Fp_-^V!^^l. Dropping the objects {oi} and the 
objects {bi} respectively induce bisimplicial spectrally enriched functors 

{{urFf_,rp:tif ^ {{u.Ff_,rvrr, 
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where we regard the targets as constant bisimphcial objects in the appropriate 
direction. Since the (connective) spectrum of maps from an object x of "P,"^! to an 
object y of Vq^^ is homotopy discrete with ttq = Homz(7r„+ia;, -Kn+iy), we see that 
the map V^,, {{usFp_-^Y' V^^^Y is a DK-embedding. Furthermore, it is clear 
that this functor is essentiahy surjective (choosing an n-connected cover of &o)j and 
so is a DK-equivalence. 

The usual arguments show that the map V^^ — >■ ((wr-Fj{_i)*''^'P^'+i is a simpli- 
cial homotopy equivalence in the s-direction, using the homotopy inverse induced 

by 

(ao > ■ ■ • > ttr) I— >■ (ao y ■ ■ ■ > Ur = Ur = ■ • ■ = flr)- 

Using this homotopy inverse, the composite map on (diagonal) simplicial spectral 
categories 

is induced by 

(ao > ■ ■ ■ > CLr) ^ (Or = Or = ' ' ' = CLr) , 

and is easily seen to be simplicially homotopic to the inclusion map. □ 
For the categories UqAIpZ, we copy the following definition from 5, 3.9]. 

Definition 12.11. Let Z — ttqR. Let MpZ be the category whose objects are 
sequences of p — 1 composable maps of finitely generated left ^'-modules xq — s- 
Xp-i and whose morphisms are commutative diagrams. Let uMpZ be the 
subcategory of MpZ consisting of all objects but only those maps x ^ y that are 
isomorphisms Xi — > yi for all < z < p — 1 . 

We understand MqZ to be the trivial category consisting of a single object (the 
empty sequence of maps) with only the identity map. As above, we let UqMpZ 
denote the nerve category, which has as its objects the composable sequences of q 
maps in uMpZ (i.e., isomorphisms in MpZ) and maps the commutative diagrams 
of maps in MpZ . We regard UqMpZ as simplicially enriched with discrete mapping 
spaces and we obtain a connective spectral enrichment (uqMpZ)^ using objectwise 
direct sum of finitely generated left Z-modules. 

As above, {u,MpZ)^ assembles into a simplicial spectral category using the usual 
face and degeneracy maps for the nerve. We make {u,M,Z)^ into a bisimphcial 
spectral category as follows: For < « < p — 1, on — > ■ • • — > Xp^i, the face 
map di'. UqMpZ UqMp^iZ is defined by dropping Xi (and composing) and the 
degeneracy map : Mp_iZ — ^ MpZ is defined by repeating Xi (with the identity 
map). The face map dp: MpZ — > Mp^iZ sends xq ^ ■ ■ ■ ^ Xp-i to fco 
kp-2, where ki C Xi is the kernel of the composite map Xi Xp-i. The last 
degeneracy Sp_i : Mp-iZ — >■ MpZ puts in as the last object in the sequence. The 
fundamental property of (u,M,Z)'" that we need is the following. 

Proposition 12.12. For each q, \T H H {{uqM,Z)^)\ is contractible. 

Proof. The argument at the end of Section 3 of 5J constructs a simplicial con- 
traction on the simplicial spectral category {uqAI,Z)^ . This simplicial contraction 
induces a simplicial contraction on the simplicial spectrum THH{{uqM,Z)^) and 
geometric realization converts this to a contraction of \THH{{uqM,Z)^)\. □ 
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Applying 7r„+i, we get a functor uFp_{Pl^ uMp-i and spectrally enriched 
functors 

{{u,Fl_,f'r:i+'f ^ {u,M,Zf and (KF/_0''n"^^)'^ ^ {u,M,Zf . 

Looking at the mapping spaces and mapping spectra, the following proposition is 
clear. 

Proposition 12.13. The spectrally enriched functor 

is a DK-equivalence. 

In [51 §3], we claimed that the functors uS'^Pq^^ uMpZ respected the sim- 
plicial structure in the p direction, which is untrue. To fix this, we introduce the 
category uS^M,Z. 

Definition 12.14. Let MpZ be the category whose objects are functors A = 
a_,_ from Ar[p] to the category of finitely generated left Z- modules such that: 

(i) a.,,i = 0, and 

(ii) ai,j — > fli fe is an isomorphism onto the kernel of the map a^ fe — t- aj^k 

for all i < j < k. A map in MpZ is a commutative diagram. The subcategory 
uS^ MpZ consists of those maps in S^Mp that are isomorphisms. 

We make uS^ M,Z a simplicial category using the usual face and degeneracy 
operations on Ar[»] . Basically M,Z is the fibration version of the S, construction 
for the co-Waldhausen category (category with fibrations and weak equivalences) 
structure we get on the category of finitely generated left Z-modules by taking the 
fibrations to be all maps and the weak equivalences to be the isomorphisms. We 
have a forgetful functor uS^MpZ uMpZ which takes A ~ {cn.j} to the sequence 

This functor is an equivalence of categories, with the inverse functor uMpZ 
uS^MpZ filling out the Ar[p] dia gram from the sequence with the kernels of the 
maps. These functors then assemble into a simplicial functor uM,Z — >■ uS^ M,Z. 

Now TTn+i defines a simplicial functor uS',Vq'^^ uS^M,Z. The following 
theorem fixes the argument in [5] by replacing Theorem 3.10. 

Theorem 12.15. The simplicial functors uS'^Pq^^ — ?> uS^AI,Z <— uAI,Z induce 
weak equivalences on nerves. 

Proof. Fix p. Since uMpZ uS^MpZ is an equivalence of categories, it induces a 
weak equivalence on nerves. The proof of Theorem 3.10 in [21 §4] correctly proves 
that the functor uSpV^^ uMpZ induces a weak equivalence on nerves, and the 
composite functor 

uSpVo'^^ — > uMpZ — > uS^ MpZ 
is naturally isomorphic to the functor uSppQ~^^ — uS^ MpZ in the statement, so 
that functor also induces a weak equivalence on nerves. □ 

We regard the categories UqS^ Mp as simplicially enriched with discrete mapping 
spaces and we obtain a connective spectral enrichment {ugS^ Mp)^ using objectwise 
direct sum. Since the functor UqMpZ — >■ UqS^ MpZ is an equivalence of categories, 
we get a DK-equivalence on the connective spectral enrichments. 
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Proposition 12.16. The spectral functor {uqMpZf {uqS^ MpZf is a DK- 
equivalence. 

Finally, we have everything in place to prove Lemma 112.51 

Proof of LemmanEE Propositions [HISl \T2M I12.10| 112. 13| and [T2l6l imply that 
the bisimplicial map 

THH{SpFgirS+\rilf) THH{{ugS^MpZf) 

is a weak equivalence for each fixed p, q. Propositions 112.121 and [ 12.161 then imply 
that 

\\THH{S,F,{P^+\VSf )\\ - \\THH{{u,S^M,Zf)\\ ~ \\THH{{uM,Zf)\\ 
is contractible. □ 

Part 4. Generalization to Waldhausen categories with factorization 

13. Weakly exact functors 

In previous sections, we imposed stringent hypotheses on our categories and 
functors. In this section and the following sections, we relax these hypotheses and 
extend the theory. We begin in this section by generalizing the maps we consider. 

While (for now) we still consider functors that preserve the simplicial enrichment, 
we drop the hypothesis that the functor is exact, and substitute the up to weak 
equivalence version of this hypothesis that the functor is "weakly exact" [SI §2]. 
For Waldhausen categories that admit functorial factorization of weak cofibrations 
(FFWC), a weakly exact functor is the minimum structure necessary to induce 
a map on K-theovy. The purpose of this section is to explain the proof of the 
following theorem, which provides the corresponding result in our setting. 

Theorem 13.1. Let C and V be simplicially enriched Waldhausen categories and 
assume that the underlying Waldhausen category ofD admits FFWC. Let4>: C — )• 2? 
he a simplicially enriched functor that restricts to a based weakly exact functor on 
the underlying Waldhausen categories, then it induces a map 

WTHH^iC) — > WTHH^iV) 

in the homotopy category of cyclotomic spectra. This map is compatible with the 
cyclotomic trace in that the following diagram commutes in the stable category. 

KC WTC^{C) > WTHH{C) 



KV — ^ WTC^V > WTHH^iV) 

In the case of enhanced simplicially enriched Waldhausen categories, we have 
the following version of the previous theorem. 

Theorem 13.2. Let A and B be enhanced simplicially enriched Waldhausen cat- 
egories with ambient simplicially tensored Waldhausen categories C and T) respec- 
tively. If (/): C ^ V is a simplicially enriched functor that sends A into B and 
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restricts to a based weakly exact functor on the underlying Waldhausen categories, 
then it induces a map in the homotopy category of cyclotomic spectra 

WTHH{A) — > WTHH{B) 

making the following diagram commute in the homotopy category of cyclotomic 
spectra. 

WTHH^{A) > WTHH{A) 

WTHH^iB) > WTHH{B) 

We also have the fohowing theorem for natural weak equivalences between en- 
riched weakly exact functors. 

Theorem 13.3. Let (p and cj)' be as in Theorem \13.1\ or Theorem \13.2\ above. 
If there is a natural weak equivalence from (f> to (j)' , then the induced maps from 
WTHH^[C) to WTHH^{T>) agree in the homotopy category of cyclotomic spectra 
and (for Theorem \13.2\) the induced maps from WTHH{A) to WTHH(B) agree 
in the homotopy category of cyclotomic spectra. 

The proof of these theorems requires the S'J^^ construction from Section lU a 
weakly exact functor is precisely a functor that is compatible with that construction. 
We begin with the definition of weakly exact functor. 

Definition 13.4 ( 6, 2.1]). Let Co and Po be Waldhausen categories. A functor 
(/>: Co — > X'o is weakly exact if the initial map * — > 4>{*) in 2?o is a weak equivalence 
and preserves weak equivalences, weak cofibrations, and homotopy cocartesian 
squares. We say that a weakly exact functor (f) is based if the initial map * 
is the identity. 

It follows that a functor that preserves weak equivalences will preserve weak 
cofibrations and homotopy cocartesian squares if and only if it takes cofibrations to 
weak cofibrations and takes pushouts along cofibrations to homotopy cocartesian 
squares. 

Let 

W'THH^C = Q.\THH{S'J'^C^)\ 

WTHH^C{n) = \THH{{wS',^;!l,)^'^C^)\. 
If A in an enhanced simplicially enriched Waldhausen category, let 
W'THHA = n\THH{S',^^A'^)\ 

W^HA{n) = \THH{{wS',^^].,Y'^A'^)\. 
Proposition 14.61 now implies the following theorem. 

Theorem 13.5. Let C be a simplicially enriched Waldhausen category that admits 
FFWC. The maps of cyclotomic spectra 

WTHH^{C) — > W'THH^iC) and WTHH^{C) — > W^THH^ {C) 

are weak equivalences. If A is an enhanced simplicially enriched Waldhausen cate- 
gory, then the maps of cyclotomic spectra 

WTHH{A) W'THH{A) and WTHH{A) WTHH{A) 
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are weak equivalences. 

Functoriality of THH in weakly exact functors requires one more twist. Because 
an exact functor Co — >■ I'd preserves coproducts. an enriched exact functor induces 
a functor on spectral enrichments. For a weakly exact functor cj), the map 

<^(ci) V • • • V 0(c„) cj){ci V • • • V c„) 

is generally not an isomorphism, though it is required to be a weak equivalence. To 
fix this problem, we use a zigzag with the following construction. 

Construction 13.6. For enriched categories C and "D, and an enriched functor 

(j>: C ^ V, let (ffV be the simplicially enriched category whose objects are the 
objects of C and whose maps are (j)*'D{a, b) = 'D{(j){a),(j){b)). 

When (j): C ^ 2? is a simplicially enriched functor that restricts to a based weakly 
exact functor Co — > Vq, the category (jfD has two obvious connective spectral 
enrichments. We write 4>*T)^ for the spectral enrichment prolonged from the F- 
space 

{c(>*Vl),{a, b) - cp*V{a, \J b) = V{cjy{a), 0(V b)) 

(the wedge denoting the coproduct in C); the hypothesis that the functor is based 
ensures that ((/>*X'c)o(a, 6) = *. We write for the spectral enrichment pro- 

longed from the F-space 

{4>*V^Ua,h)=V{cl,{a),\im) 

Q 

(the wedge denoting the coproduct in D). From the universal property of the 
coproduct in V, we see that the weak equivalences 

{(l>*V^)g{a,b) ^ {rV^Ua,b) 

assemble into a weak equivalence of spectra 

cj,*V^{a,b)^r'D^{a,b) 

and induce a DK-equivalence of spectrally enriched categories (j)*!?^ '/'*2^c- ^® 
summarize this as follows. 

Theorem 13.7. Let C and V he sim,plicially enriched Waldhausen categories and 
let (p: C ^ D be a functor that is simplicially enriched and based weakly exact. 
Then we have a zigzag of spectrally enriched functors, with the leftward arrow a 
DK- equivalence. 

— > (j)*Vl (t)*V^ — > 

The constructions above, using coproducts in C or in V, extend to produce 
spectrally enriched categories and DK-equivalences 

which we assemble into zigzags of multisimplicial spectrally enriched functors 

The fact that 4> is based implies that these maps are compatible with the suspension 
maps 
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for =C^, (t)*Vl, (P*V^, V^. Writing 



and 



W'THH^{(j)*V) = n\THH{(f>*S'J^V^)\ 
WTHH^{(t>*V){n) = \THH{(t)*{wS',^''l,Y^V^)\ 



W'THH^{<j)*V) = n\THH{(f>*S,Vl.) 



W'THH^{(i3*V){n) = \THH{(l)*{wSZ'.'Y 
this proves the following theorem. 

Theorem 13.8. Let (/): C ^ T) be a simplicially enriched functor that restricts 
to a based weakly exact functor Cq — > Pq- Then we have the following maps of 
cyclotomic spectra 



WTHH^{C) 
I 

W'THHl{4)*V) 

W'THH^{(j)*V) 
i 

W'THH^{V) 

T 

WTHH^iV) 



WTHH (C) 
i 

; 

WTHH^{V) 



and the upward maps marked " are weak equivalences. If Vq admits FFWC, 
then all upward maps are weak equivalences. 

For Theorem 113.11 we have the cyclotomic trace induced by the inclusion of 
objects, producing the commutative diagram 



K{C) 



K'{V) 



K{V) 




WTC (V) 



-> WTHH (C) 

i 

^W^THH^^{4>*V) 

-J 

^ W^THH^ {(j)*V) 
i 

^vfrHH^iv) 

^WTHH^iV) 



where here K'{T>) denotes /-C-theory constructed from the 5^ construction. This 
completes the proof the Theorem 113.11 

For Theorem 1 13. 2 1 we construct non-connective enrichments on (j)*B by 

0*B|(a,6)(n)=P(0(a),0(E"&)) 

0*B^(a, b){n) = 2?((/)(a), 
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The hypothesis that (j): C ^ V is enriched induces the map S"0(6) — (t){Y7^h), and 
the hypothesis that cj) preserves homotopy cocartesian squares imphes that the map 
is a weak equivalence. It follows that the spectrally enriched functor (j)*B^ — (t)*BQ 
is a DK-equivalence. This gives us the non-connective analogue of Theorem 1 13. 71 

Theorem 13.9. Let A and B be enhanced simplicially enriched Waldhausen cat- 
egories with ambient simplicially tensored Waldhausen categories C and V, respec- 
tively, and let (j): C ^ T) be a functor that is simplicially enriched, based weakly 
exact, and restricts to a functor A ^ B. Then we have a zigzag of spectrally 
enriched functors, with the leftward arrow a DK-equivalence. 

A^ (t)*Bi ^ 4>*B^ B^ 

Likewise, writing 

W'THH{(P*B) = Vl\THH{(t>*S',^"B^)\ 
WTHH{(l)*B){n) = \THHi<j)* {wS',^^l,f^ B^)\ 

and 

W'THHa{<P*B) = n\THH{(P*S',^'^B^)\ 
WTHH^{<i>*B){n) = \THH{^*{wS',^"l,)^'^ B^)\, 
we obtain non-connective analogue of Theorem 113.81 

Theorem 13.10. Let A and B be enhanced simplicially enriched Waldhausen cat- 
egories with ambient simplicially tensored Waldhausen categories C and D, respec- 
tively, and let (p: C ^ T) be a functor that is simplicially enriched, based weakly 
exact, and restricts to a functor A B. Then we have the following maps of 
cyclotomic spectra 

WTHH{C) WTHH{C) 
W'THHc{(t>*V) W'THH^{cf)*V) 
W'THH{rV) vfrHHirV) 
W'THH{V) W'THHiV) 

T t 

WTHH{V) WTHH{V) 

and the upward maps marked " are weak equivalences. Lf T>q admits FFWC, 
then all upward maps are weak equivalences. 

Finally for Theorem 113.31 choosing a natural weak equivalence from (f> to (f>', we 
obtain a simplicially enriched and weakly exact functor $ from C to wiT>. We can 
construct simplicially enriched categories 
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and wc obtain the zigzag 

THH{S,C^) — > THH{<i>*{S',wif^Vl) THH{<i>*{S',wif^V^) 

THH{{S',wi)^^V^) ^ THH{S',^^V^), 
and a similar zigzag in the non-connective case (when it applies). 

14. Embedding in simplicially tensored Waldhausen categories 

In previous sections we worked under the stringent compatibility hypotheses in 
our definition of a simplicially enriched Waldhausen category. In this section, we 
show how to produce a DK-compatible simplicially enriched Waldhausen category 
from a Waldhausen category satisfying a certain technical hypothesis. This con- 
struction is natural in the homotopy category of cyclotomic spectra for weakly exact 
functors; we prove the following theorem. 

Theorem 14.1. Let C be a Waldhausen category that admits a homotopy calcu- 
lus of left fractions 9^- Then there exists a DK-compatible simplicially enriched 
Waldhausen category C and a based weakly exact functor i: C C that is a DK- 
equivalence (on simplicial localizations). Moreover: 

(i) WTHH^ (C) is a functor from the category of Waldhausen categories and 
weakly exact maps to the homotopy category of cyclotomic spectra. 

(ii) As a map in the stable category, K(C) K{C) is natural in exact functors 

(iii) As a map in the stable category, the cyclotomic trace K{C) — >■ WTHH^{C) 
is natural in weakly exact functors ofC. 

(iv) C admits FFWC. 

(v) If C is a DK-compatible simplicially enriched Waldhausen category then i 
is naturally weakly equivalent to a simplicially enriched functor i' , which 
is also based weakly exact. 

(vi) // C can be given the structure of an enhanced simplicially enriched Wald- 
hausen category, then i' induces DK- equivalence 5„C — )> S'J^^C for all n 
and so induces a weak equivalence on WTHH^ . 

In the context of part (v), Theorem 113.71 gives a zigzag of spectrally enriched 
functors relating and , all of which are DK-equivalences in this case. 

As we showed in [6j §5, App. A], a Waldhausen category that admits factoriza- 
tion (every map factors as a cofibration followed by a weak equivalence) and any 
closed Waldhausen subcategory of such a category in particular admits a homotopy 
calculus of left fractions. In this context, we can also produce an enhanced exact 
Waldhausen category. 

Theorem 14.2. Let C be a Waldhausen category that admits factorization and let 
A be a closed Waldhausen subcategory. Let A be the full subcategory of C of objects 
weakly equivalent to objects from A. Then C is a simplicially tensored Waldhausen 
category, A is a closed Waldhausen subcategory, and the induced based weakly exact 
functor i: A ^ A is a DK-equivalence. Moreover: 

(i) WTHH{A) is a functor from the category of pairs (Waldhausen category, 
closed Waldhausen subcategory) and weakly exact maps to the homotopy 
category of cyclotomic spectra. 
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(ii) There is a based weakly exact functor j: A ^ A such that joi is naturally 
weakly equivalent to l. (In particular, j is a DK-equivalence.) 

(iii) The map of cyclotomic spectra WTHH^ [A) WTHH^{A) induced by j 
is a weak equivalence and natural in the homotopy category of cyclotomic 
spectra. 

In the context of the previous theorem, when C is a simplicially tensored Wald- 
hausen category, A is an enhanced simpUcially enriched Waldhausen category, and 
part (v) of Theorem 114.11 gives us a based weakly exact simpUcially enriched functor 
f : A ^ A, weakly equivalent to namely, «' is the restriction to ^ of ?' : C — t- C 
Theorem 113.91 then produces a zigzag of spectrally enriched functors between A^ 
and „4"^, all of which are DK-equivalences in this case. 

The proof of the previous theorems works by embedding C in a simplicial model 
category in which all objects are fibrant. We do this using a variant of a presheaf 
construction in Toen and Vezzosi [27] to define the iiT-theory of a simplicial category. 
Because of the nature of the construction, the naturality with respect to functors 
that preserve weak equivalences is somewhat complicated (as indicated by what is 
claimed and perhaps more by what is not claimed in the previous theorems). In the 
following discussion, let LC denote the simplicial category obtained as the Dwyer- 
Kan hammock simplicial localization of C with respect to the weak equivalences in 
the given Waldhausen structure. 

Definition 14.3. Let SF{LC) denote the category of simplicial functors from LC 
to based simplicial sets taking values in a fixed but sufficiently large cardinal de- 
pending on C. We regard SF{LC) as a simplicial model category using the injective 
model structure |12j . where cofibrations and weak equivalences are defined object- 
wise and fibrations are defined by the right-lifting property with respect to the 
acyclic cofibrations; in this model structure, all objects are cofibrant. The oppo- 
site category {SF{LC))°^ then has the opposite simplicial model structure and all 
objects are fibrant. 

Since the cofibrations in SF{LC) are the injections, it is clear that SF{LC) sat- 
isfies the pushout-product axiom, which is one of the equivalent forms of Quillen's 
SM7; in other words, SF{LC) is a simplicial model category. It follows that 
(S'F(_LC))°P is likewise a simplicial model category. Heller [121 §4]shows that the 
injective model structure has functorial factorizations, and in particular, we have a 
fibrant replacement functor in SF{LC). In {SF{LC))°^, this gives functorial factor- 
ization and a cofibrant approximation functor. It will be useful for us to have these 
as simplicial functors and to preserve the zero object *. We prove the following 
lemma at the end of the section. 

Lemma 14.4. The category SF{LC) admits simplicial endo-functors P'^ and 1^ 
such that P'^ is a cofibrant approximation functor for the projective model structure, 
if is a fibrant approximation functor for the injective model structure, and P'^{*) — 

The full subcategory of cofibrant objects in {SF{LC))°^ inherits the structure of 
a Waldhausen category. 

Definition 14.5. Let C be the full subcategory of {SF{LC))°p consisting of cofi- 
brant objects weakly equivalent to the opposite of a corepresentable in the image of 
C, i.e., weakly equivalent to a functor of the form LC{x, — ), where x is an object of 
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C. When ^ is a closed Waldhausen subcategory of C, let ^ be the full subcategory 
of {SF{LC))°^ consistmg of cofibrant objects weakly equivalent to the opposite of 
a corepresentable of an object A. 

As observed in Example 11.51 C becomes a DK-compatible simplicially enriched 
Waldhausen category when given the Waldhausen structure induced by the model 
structure. The Yoneda embedding 

Yc: x^~^ LC{x, ~) 

gives us a functor Yc from C to {SF{LC))°^ that we can compose with If to 
obtain a functor C — > C. We showed in [6l 6.2] that under the hypothesis of ho- 
motopy calculus of left fractions, the simplicial localization mapping spaces take 
honiotopy cocartesian squares to homotopy cartesian squares, and hence to homo- 
topy cocartesian squares in {SF{LC))°p. It follows that I^Yq is a weakly exact 
functor C to C and a DK-equi valence. It is not, however, a based weakly exact 
functor as the zero object of C is generally not a zero object in LC. On the other 
hand, LC{*,—) — > LC{x,~) is an objectwise injection (as it is split by the map 
LC{x, — ) LC{*, — )), and so the based functor 

Y^: x^ LC{x,-)/LC{*,-) 

is weakly equivalent to Yc and hence is a based weakly exact functor and DK- 
equivalence. This proves the following proposition. 

Proposition 14.6. Let C be a Waldhausen category that admits a homotopy cal- 
culus of left fractions. Then the functor i — I^Yq : C ^ C is a based weakly exact 
functor and a DK-equivalence. 

When C is a simplicially enriched Waldhausen category, i is a simplicial functor 
LC — > C but generally not a simplicial functor C, ^ C. We can regard the functor 

X ^ di'Ag LC,{x, -)/LC,{*, -) 

as a simplicial functor from C to {SF{LC))°^. Composing with 1^ , we get a simpli- 
cial functor i' : C ^ C. The inclusion of LCq in LC, induces a natural transformation 
I ^ i' , which is a natural weak equivalence when C is DK-compatible (by definition). 
This proves the following proposition. 

Proposition 14.7. IfC is a DK-compatible simplicially enriched Waldhausen cate- 
gory, then I is weakly equivalent to a simplicial functor, which is also a based weakly 
exact DK-equivalence. 

When C is a DK-compatible simplicially enriched Waldhausen category, just as 
in Proposition l3.4l looking at the formula for mapping spectra in S'„C and S'„^C, we 
see that t' induces a DK-embedding S'„C S[-^^C. If we assume the hypothesis of 
part (vi), then C admits tensors with A[l], and for weak cofibration x y, the map 
xWy — >■ (x® A[l]) U^j^ii} y is a cofibration, i.e., C has functorial mapping cylinders 
for weak cofibrations in the terminology of [6l 2.6]. Since in any simplicially enriched 
Waldhausen category, weak equivalences are closed under retracts, we can apply [6l 
6.1] to characterize the weak cofibrations in C as precisely those maps whose images 
in C are weak cofibrations. Moreover, tensors with generalized intervals exist in C, 
and arguing as in the proof of Proposition 13. 6| we see that every object of S'^C is 
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weakly equivalent to the image of an object of S'^JZ, i.e., that the DK-embedding is 
a DK-equivalence. The induced map (from Theorem II 3. 1|) 

WTHH^{C) — > WTHH^{C) 

is then a weak equivalence. 

Now drop the assumption that C is simplicially enriched, and assume instead 
that C admits factorization. Then Waldhausen [28l p. 357] shows that we can form 
homotopy colimits in C over diagrams in finite partially ordered sets as iterated 
pushouts over cofibrations. Since any finite simplicial set is weakly equivalent to 
the nerve of a finite partially ordered set, it follows that for any weakly corepre- 
sentable C and any finite simplicial set X, the simplicial functor C"^ is also weakly 
corepresentable. This proves the following proposition. 

Proposition 14.8. IfC admits factorization thenC is a simplicially tensored Wald- 
hausen category. 

We also have the corresponding proposition for closed Waldhausen subcategories. 

Proposition 14.9. If A is a closed Waldhausen subcategory of C, then A <Z C is 
an enhanced simplicial Waldhausen category and i: A A is a based weakly exact 
functor and a DK-equivalence on simplicial localizations. 

We obtain the functor f: ^ — > ^ as the restriction to A of the functor Ij^ o i?^, 
where i?^ denotes the functor {SF{LC))°'^ {SF{LA))°'^ obtained by restricting 
an LC diagram to LA and /j^ denotes the endo-functor in A. Writing Yj^ and 

for the modified Yoncda cmbeddings as above, then 

3o^^I{R^4Y^ and ^-li^. 

Under the hypothesis of homotopy calculus of left fractions, the natural map Fjj ^■ 
Rc^c ™^ SF{LA) is a weak equivalence; combining this with the canonical weak 
equivalence Id — >■ Iq in SF[LC) and reversing arrows to work in {SF{LA))°^ gives 
natural weak equivalences 

in A. 

The previous observations, propositions, and definitions cover all of the state- 
ments in Theorems 114.11 and 114.21 except for the naturality statements. The next 
result begins the study of naturality. 

Theorem 14.10. Let C and C be Waldhausen categories that admit homotopy 
calculi of left fractions, and let (j): C C he a weakly exact functor. Then there 
exists a simplicial functor <j): C ^ C that restricts to a based weakly exact functor 
of the underlying Waldhausen categories and makes the diagram of functors 



c — 


— >c 


c- 


— >c 



commute up to a zigzag of natural weak equivalences. 
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If A and A' are closed Waldhausen subcategories of C and C (respectively) and 
4> restricts to a functor from A to A! , then the functor cf) restricts to a functor 
4>: A ^ A' making the diagram of functors 




commute up to a zigzag of natural weak equivalences. 

We prove this theorem below, but first state the following corollary. 

Corollary 14.11. Let C and C be Waldhausen categories that admit homotopy 
calculi of left fractions, and let (j): C ^ C be a weakly exact functor. If 4> induces 
a DK-equivalence on passage to simplicial localizations, then the functor (f>: C ^ C 
is a DK-equivalence. Moreover, (j) and (when appropriate) (j) induce an equivalence 
of cyclotomic spectra on WTHH^ and WTHH , respectively. 

The proof of Theorem 114.101 combines the simplicially enriched cofibrant and 
fibrant approximation functors with left Kan extension. Fix the functor (/>: C — )■ C. 
Left Kan extension gives rise to a functor Lan^: SF{LC) — SF{LC') and we let 
(/>: C C be the composite functor 

SF{LC) — ^ SF{LC) SF{LC') — ^ SF{LC'). 

By construction cf) preserves weak equivalences and is equipped with a zig-zag of 
natural weak equivalences connecting i o cj) to (j) o i. This completes the proof of 
Theorem [1430]. 

Most of Corollary 114.111 follows immediately from Theorem ll4.10l To see that ip 
induces a weak equivalence on WTHH^ , we need to see that the induced functor 
SnC S',-^^C' is a DK-equivalence. The argument for Proposition 13.61 adapts to 
the current context to complete the proof. 

The proof of the naturality statements in Theorems 114.11 and 114.21 now follow 
from an easy check that functors 4> compose as expected up to a zigzag of natural 
weak equivalences. Somewhat more work shows that this construction actually 
preserves composition up to coherent homotopy; we defer this to a future paper. 

Finally, we need to prove Lemma [14.41 The specifics of the simplicial category 
LC play no role: the lemma holds for the category of simplicial functors from any 
small simplicial category T> to based simplicial sets, and we argue in this context. 
We prove the following lemma, of which Lemma [14.41 is a special case. 

Lemma 14.12. Let D be a small simplicial category and let &^ denote the cat- 
egory of simplicial functors from T> to based simplicial sets. Then the projective 
and injective model structures both admit factorization functors that are simplicial 
functors and that send the identity on * to the factorization * = * = 

The most basic case is when V is the trivial category and &^ is the category 
of based simplicial sets. Let C denote the set of generating cofibrations (i9A[n] ^• 
A[n]) and let A denote the set of generating acyclic cofibrations (Aj[n] — > A[n]). 
Then the usual construction of the factorization functors uses the small objects 
argument as follows. Given f : x ^ y, the factorization of / as an acyclic cofibration 
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X — > x' followed by a fibration x' — > ?/ is constructed as x' = colim x'„ , where Xq — X 
and inductively x'^^j^i is constructed as the pushout 

x'n+i = < (\J_b) 
where the coproduct is over commutative diagrams 

a — )■ b 

I i 

with i: a ^ b ranging over the elements of A. The version we need for Lemma ll4.12l 
instead uses the based simplicial set of maps in place of the set of maps above: We 
construct a:^ inductively as the pushout 

where the coproduct is over the elements i: a b in A and 

A = &^{a,x'J xe,(a,y} &*{b,y) 
is the based simplicial set of commutative diagrams of the form 

a > b 

I I 

The induced map — t- x'„^i and the colimit map a; — > a;' is an injection and 
weak equivalence and the map x' ^ y is a fibration. Moreover, this functor is 
clearly a simplicial functor into the appropriate diagram category. The analogous 
construction using C instead of A constructs the other factorization. When applied 
to the identity map on the trivial based simplicial set *, each Di is the trivial based 
simplicial set *, and so we get that each map * = Xn ^ ^'n+i Xn+i ^ y = * is an 
isomorphism. Thus, (replacing the factorization functors with naturally isomorphic 
functors if necessary), we have that the factorization of * = * is * = * = *. 

A slight modification of the factorization functors in Heller [T^ construct the fac- 
torizations in the general case. Let ©J*^ denote the simplicial category IlobD ®*' 
and (following the notation in [12]), let J* denote the forgetful functor from (3 J' 
to 6^^^ that remembers just the objects in the diagram (values of the functor) 
and forgets the maps. Let Jp be its left adjoint; since we are working in based 
simplicial sets, JpX is the simplicial functor 

JpX= V X(c)AP(c,-)+. 
ceohv 

Likewise, let be the right adjoint of J*, 

cGObP 

where X(c)-^^~''^^ denotes the based simplicial set of unbased simplicial maps from 
2?(— ,c) to X{c). We note that for any X, JpX is cofibrant in the projective 
model structure and more generally, Jp sends (objectwise) cofibrations and acyclic 
cofibrations in to cofibrations and acyclic cofibrations in the projective model 

structure on ©J'. Likewise J^ sends (objectwise) fibrations and acyclic fibrations 
to fibrations and acyclic fibrations in the injective model structure on ©J*. 
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The factorization functors for the projective model structure are constructed as 
foUows. For f : X ^ Y , let Zq = X and construct Zn+i inductively as follows. 
First factor J*Z„ -> J*Y objectwise 

rZn — > W„ ^ J*Y 

using the simplicial factorization functor (for the appropriate factorization) on 
based simplicial sets constructed above, and let Zn+i be the pushout 

with the factorization Zn+i — > Y induced by the map JpWn Y. Letting Z = 
colimZn, we get a factorization X ^ Z ^ Y , with the map X ^ Z a, cofibration 
or acyclic cofibration (as appropriate) in the projective model structure. We note 
that the underlying map in 6^'^^ from J*Z„ to J*Zn+i factors through Wn- It 
follows that we can identify J*Z as colimM^„ and the underlying map J* Z ^ J*Y 
in ©^'^■^ as the colimit of the maps Wn J*Y. Since by construction, these maps 
are objectwise acyclic fibrations or fibrations of simplicial sets, the map j* Z J*Y 
is an objectwise acyclic fibration or fibration as required. We note that when 
X = * = Y, by construction each Wn is * and JpWn is isomorphic to *, and so we 
end up with both factorizations of * = * as * = * = 

The factorization functors on the injective model structure are precisely dual. 
We start with Zq = Y, and inductively construct Zn+i as follows. Using the 
appropriate objectwise factorization functor, we factor J*X — >■ J*Z„ in 6^^^ as 

J*X ^Wn^ rZn, 

and we define Zn+i as the puUback 

Zn+l — Zn XjJ,/*Z„ J^Wn- 

We let Z = lim Z„ and get a factorization X ^ Z Y with Z — > y by construction 
a fibration or acyclic fibration (as appropriate) in the injective model structure. 
Again looking at the underlying map in G'^^^, we see that the map X Z is an 
objectwise acyclic cofibration or cofibration as appropriate. Again, the factorization 
of * = * becomes * = * = This completes the proof of Lemma [14121 

15. Spectral categories and Waldhausen categories 

The work of the previous section showed how to associate a spectral category 
to any well-behaved Waldhausen category. On the other hand, given a spectral 
category C, we can produce a simplicially tensored Waldhausen category by passage 
to the Waldhausen category Tcp of "finite cell right C-modules" described below. 
In this section we show that when C is pretriangulated (has triangulated homotopy 
category), the spectral category associated to J-c°p in Definition 114.51 recovers the 
original spectral category C up to DK-equivalence. 

As a general principal, it does not matter which modern category of spectra we 
use as a model when discussing small spectral categories. The monoidal Quillen 
equivalences relating the various categories of diagram spectra and EKMM S- 
modules [15l [TBI HI] allow us to convert a spectral category on any of these models 
to one on any other. In particular, the following theorem is an easy consequence of 
the work of [23] (extended by the techniques of ^UJ for dealing with non-cofibrant 
imits that arise there). 
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Theorem 15.1. Fix a set of objects O. For S a modern category of spectra from 
[16j or . let SO-Cat denote the category of S- enriched categories with object set 
O and functors that are the identity on the object set O. Then: 

(i) The category SO-Cat forms a closed model category where the weak equiv- 
alences and fibrations are the functors that induce a weak equivalence or 
positive fibration, respectively, on mapping spectra. 

(ii) The monoidal Quillen equivalences from [151 116[ 121) induce Quillen equiv- 
alences between the categories SO-Cat for the various S. 

Because of this theorem, without loss of generahty, we can assume that our 
spectral category C comes emiched in EKMM S-modules, which have the techni- 
cal advantage that every object is fibrant. On the other hand, since our goal is to 
compare with the non-connective enrichment of a simplicially tensored Waldhausen 
category, our comparison must be between spectral categories enriched in symmet- 
ric spectra. Again, we use the previous theorem. Spectral categories enriched 
in EKMM ^-modules are always fibrant in the model structure of the previous 
theorem, so the associated spectral category enriched in symmetric spectra has 
(the same object set and) mapping spectra $C(x,?/), where $ is the lax symmet- 
ric monoidal right adjoint functor from EKMM S'-modules to symmetric spectra 
defined in 21 . Specifically, for an EKMM S*- module X, 

^X{n) = Ms{{Ss'Y''\X). 

Here A4 s denotes the mapping spaces (in simplicial sets) for the category of EKMM 
S'-modules and Sg^ denotes the canonical cell (— l)-sphere S-module [TU III.2]; $X 
is always a positive f2-spectrum and when X is a mapping spectrum, $X often turns 
out to be an J7-spectrum (for example, this happens for X = J-c°p {x, y) where Jx°p 
is the spectral category defined below). The lax monoidal natural transformation 
is induced by 

<^X{m) A<^Y{n) ^ Ms{{Ss^)^'"'\X) A Ms{{Sg^f'\Y) 

— ^ Xs((S'5 i)(™+"\ X A y) = $(X A Y){m + n) 

and the map S $5 is induced by the map 5° Ms{S, S) sending the non-base 
point to the identity element. 

Notation 15.2. For C a spectral category in EKMM S'-modules, write $C for the 
associated spectral category in symmetric spectra described above. 

Now given C a spectral category in EKMM S-modules we associate a Waldhausen 
category to C as follows. Let A4c°v denote the category of (right) C-modules, the 
category of enriched functors from to the category of EKMM S-modules. We 
make M-cp into a model category with the projective model structure: The weak 
equivalences and fibrations are the objectwise weak equivalences and fibrations. 
The cofibrations in this model structure are the retracts of relative cell inclusions, 
where a cell is of the form 

C(-, a;) A S| A S^'^ C(-, x) A S| A Dl 

for some object x in C, q e Z, n > 0, where S"~^ — >■ I?" is the standard n-cell 
in topology. We then have a subcategory of finite cell C-modules, having objects 
the C-modules built from * by attaching finitely many cells. If we insist on using 
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canonical pushouts in building these complexes (or restrict to a skeleton), then the 
resulting subcategory we get is small. 

Notation 15.3. For C a small spectral category in EKMM S-modules, let J-c°v be 
the small subcategory of A^c°p of finite cell C-modules. 

We have a spectrally enriched functor C — Jx°p sending a; to C(— , x) A 5*° . By 
the Yoneda lemma 

J-cop(C(-,a;) A Sl,C{-,y) A S^) - Fs{Sl,C{x,y) A 8%) 

(where Fs denotes the function 5-module) and the map 

C{x,v)^Fs{S%C{x,y)^Sl) 

is a weak equivalence. The following theorem is now clear from the construction of 
Fcv- 

Theorem 15.4. ForC a small spectral category in EKMM S -modules, the spectrally 
enriched functor C — >■ Tc°p is a DK-embedding, and itoTc°p 'is the thick subcategory 
of 7roA4e°p generated by the image ofC. In particular, C — ^ ■Fc°p is a DK-equivalence 
if and only if C is pretriangulated. 

Since J-c°p is a subcategory of cofibrant objects in a simplicial model category 
with all objects fibrant, it fits into the context of Example 11.51 and is canonically 
a simplicially enriched Waldhausen category. In fact, it is easy to see that the 
tensor in 7Wc°p of an object of J-c°p with a finite simplicial set is isomorphic to 
an object of J^cop, so Tcp is a simplicially tensored Waldhausen category. The 
following is the main theorem of this section; combined with the previous theorem, 
it gives the zigzag of DK-equivalence of spectral categories $C ~ ^^ap when C is 
pretriangulated. 

Theorem 15.5. For C a small spectral category in EKMM S-modules, there are 
zigzags of DK-equivalences of spectral categories (in symmetric spectra in simplicial 
sets) 

^Fc^^p — Fqop — Fqop , 

where Fc°p denotes the simplicially tensored Waldhausen category constructed from 
Fcp by Definition ] 14 -SI 

The zigzag of DK-equivalences J^^op — F^ap is the one obtained from applying 
Theorem 113.91 to the simplicially enriched based weakly exact functor i' : Fc°p 
Fc°p in part (v) of Theorem 114.11 That leaves us with constructing the zigzag of 
DK-equivalences ^Fcp — F^ap, which is just the generalization of Proposition 19.51 
to rings with many objects. The proof is essentially identical: Let <l>'J"c°p denote 
the spectral category (in symmetric spectra in simplicial sets) with the same objects 
as Fcp, but with mapping spectra ^'Fc°p{x,y) defined by 

$' Jcop (x, y){n) = MsiiSs^ A ^i)*"), {x, E"y)), 

where we have written Fjr^^p for the mapping spectrum in Fc°p to avoid confusion 
with the mapping space (simplicial set) Fc°p{x,y). For y = x, we have the unit 
S ^' Fc°p {x, x) induced by the unit for Fc°p [x, x) and the canonical isomorphism 

Ms{{Ss^ A 5i)(°\ Fr.op (x, YPy)) = Ms{S, F^^^p (x, y)) ^ Fc^p {x, y). 
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Composition is induced by the smash product map 

MsiiSs' A {y, E"z)) A MsHSg' A , F^,^, (x, 

— > MsiiSs' A 51 (2/, A F^,^, [x, 

and the composition map 

analogous to the one in Definition 12.51 We then have spectral functors 

$ Jb"? — > J"c°p < — J^c°p 
defined as follows. The functor ^Fc°p — > $'Jy:°p is the map 

Ms{{Ss'Y''\Fr,., {x, y)) ^ MsiiSs' A S')^"\F:^,^, {x, E"?;)) 
induced by rt-fold suspension 

{x, y) Y.^y) ^ n^F^^^, {x, 

and the adjunction 

The functor F^ap is induced by the map 

induced by the canonical collapse map Sg^ A ^ S. On mapping spaces, both 
these functors are weak equivalences (in fact, level equivalences) of symmetric spec- 
tra, and so the functors are DK-equivalences. This completes the proof of Theo- 
rem [T5T51 
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